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Annotation. Modeling results demonstrating mechanisms of different cell
phenotypes appearance in a genetically homogenous population using the bacterial
cell cycle model are presented. It was demonstrated that phenotypic variability
represents an internal, immanent property of bacteria. The basis of this
phenomenon is universal non-linear properties of the conjugated transcription-
translation system that controls all cellular processes. Phenotypic variability occurs
in a simple, deterministic, self-reproducing system under the uniform transmission
of the structural components to the daughter cells during division and in the
absence of any special control mechanisms of molecular-genetic processes and
enzymatic reactions.
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INTRODUCTION

Mechanisms underlying the appearance of cells with different phenotypes in a genetically
homogeneous population have been widely discussed in modern scientific literature. Hence,
phenotypic heterogeneity based on the bistability phenomenon (when a system has two stable
equilibrium states), which has been demonstrated for systems regulated by feedback
mechanisms [1-7], was investigated.

A number of studies have demonstrated the influence of switching between active and
inactive states of gene(s), as a result of stochastic interactions between regulatory factors and
promoters of target genes [8-14], as well as DNA methylation in the transcription factor
binding sites (see review [15]) on the formation, at the population level, of a bimodal
distribution of cells according to the level of gene expression.

Phenotypic heterogeneity in genetically homogenous cell population due to nutrient
restriction or change, or due to cellular senescence, has been demonstrated [16-19].

In this paper, we analyze cell cycle of a generalized bacterial cell using deterministic
model and demonstrate that, for certain parameter values, cell cycle can be carried out in at
least two different ways. It follows from the analysis that wide variety of cell cycle
phenotypes represents a consequence of general principles of genetic information storage and
transmission and does not require any special control mechanisms for molecular genetic
processes and enzymatic reactions, as well as asymmetric cell division, that is, represents an
intrinsic property of a bacterial cell.
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We assume that this property of bacterial cell can underlie bacterial persistence — a
phenotypic state of uninheritable transient antibiotic tolerance observed in many species of
modern bacteria [20, 21], which has been recently associated with the molecular genetic
peculiarities of stress response systems, including toxin-antitoxin system [22—24].

1. MODEL OF THE BACTERIAL CELL CYCLE

To study mechanisms underlying the appearance of different phenotypes in a genetically
homogeneous population of cells, we used a previously developed mathematical model of
prokaryotic cell cycle [25, 26], which represents a general description of growth and division
of a rod-shaped bacterial cell, initiation, elongation and termination of DNA replication,
transcription of genes, mRNA translation and degradation of mRNA and proteins.

Let us assume that the cell represents a cylinder bounded by an outer shell. During a
single cell cycle, the cell elongates along the central axis, while the radius of the cell remains
unchanged. At the moment of division, a constriction is formed in the center, dividing the
parent cell into two daughter cells. We consider five conventional genes in the model: gP, gR,
gC, gM and gD. The gP gene encodes a subunit of the transcription factor, which assures
initiation of gP, gC, gR, gM and gD mRNA synthesis. The gC gene encodes a subunit of the
translation factor, which promotes initiation of protein synthesis. The gR gene encodes a
structural protein of the shell. The gM gene represents a set of genes that are expressed during
the cell cycle, and the gD gene encodes a generalized protein and RNA degradation factor.

The number of genes in each species we denote by Gx, X = P, R, C, M, D. Let P denote
the number of free subunits of transcription factor in the cell cytoplasm, R — the number of
shell protein molecules in the cytoplasm, C — the number of free subunits of the translation
factor, V — the cell volume, S — the surface area of the shell.
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Fig. 1. Simplified scheme of the model of bacterial cell cycle. Locations of conventional genes encoding
the transcription (gP), translation (gC) and degradation factors (gD), proteins of the cell membrane (gR),
a set of genes that support cell functioning during its growth and division (gM), and location of sites of
replication initiation and termination, are illustrated. Change in the copy number of genes during DNA
replication, depending on the distance of these genes from the replication start site, is shown; as well as
the process of conjugated DNA transcription and mRNA translation on the example of the conventional
cell membrane gene (gR). According to the model, division is symmetric with a uniform distribution of
cellular structures between daughter cells. Dotted arrows indicate that the process is indirect.
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Figure 1 illustrates the simplest scheme of cell growth and division described in the
model, which, at different stages of the cell cycle, demonstrates DNA replication and
transcription of gP, gR, gC, gM and gD genes conjugated to mRNA translation; as well as
symmetric cell division with a uniform distribution of cellular structures between daughter
cells.

We now introduce subsystems of the model of bacterial cell cycle.

1.1. Subsystems of the cell cycle model for bacteria

Subsystem (1) — multimerization of factors. Let us assume that multimers represent
active forms of transcription and translation factors. We describe their formation by
multimolecular reactions:

kXW

[Ny [x™ S Wy, X=P.C. (1)

WX

Where, wx — concentration of active forms of factors, kxw and kwx — rate constants for direct
and reverse reactions, nx and nyx — stoichiometric coefficients: nyx determines the number of
molecules in a multimer, nyx — the number of molecules X in the multimer active form. Since
in general case active forms of factors can include different types of molecules, we assume
that nx > nyx and the equality of these parameters may not be observed.

To calculate local rates of reactions (1), we consider a system of differential equations

ny -1
dWX — kXW X L _WX ,
dt VK

D,

X =P,C,R,D, )

Viuy
dx Ny =1
E =Ny iy, » KD,Wx = \/kxw/kwx :

In which Wx is the absolute number of active complexes of factor X.

Subsystem (2) — mRNA synthesis. We take into consideration that initiation of mMRNA
synthesis takes place in the regulatory regions (promoters) of the corresponding genes. As a
result of initiation, elongation complex is formed, which, after a while, generates one mRNA
molecule. The following equations were used to describe mRNA synthesis:

dX
mbuf _ o =V x X = P, R,C, D, M y
dt o '
—deRNA :VsinmX’ X :P,R,C,D,M;
dt '
dWP =- Z (Vini,sinm,X _Vsinm,x )'
dt X=P.R,C,D,M
dz
E ==V mrnar Yz mrNA Z (Vini,sinm,x + AZ,sinm,XVsinm,X )' (3)
X=P.R,.C,.D,M
X
Vini,sinm,X = kinim,x |:GX _Nm buf :I Wp VA _
Ny x Kp,xV +W, Kz,inim,xV +Z ., X=P,R,C,D,M.
_Vsinm,x = ksinm,X Xm,buf Z
KZ,bufm,XV + Z
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The first equation in (3) describes the initiation of mMRNA synthesis (V. ) and the

elongation-termination of mRNA synthesis (v, )- The second equation describes the

process of mMRNA synthesis. The third equation considers RNA polymerases consumption
during synthesis initiation and their release during transcription termination. The fourth
equation considers consumption of the nutrient Z in the process of mMRNA synthesis (for more
details on this model variable, see subsystem 6).

Let us justify the representation of functionsv,; ;.. x

promoters free of elongating RNA polymerases are available for the initiation of transcription.
The proportion of promoter sites that are fully or partially occupied by elongating RNA
polymerases was calculated as a ratio between the number of elongating RNA polymerases
Xmpout @nd the maximum possible number of RNA polymerases capable of simultaneously
transcribing one gene npx (this parameter was calculated as the length of the transcribed
portion of the gene divided by the number of nucleotides covered by one elongating RNA
polymerase).

As a result, proportion of promoters available for initiation of transcription was calculated

ini,sinm, X

and v . We consider that those

sinm, X

m,buf

p, X

using the formula {GX - } where Gx is the number of promoters of the gene X. Let us
assume that during the transcription initiation, RNA polymerases and the resource represent a
substrate, and free promoters represent an enzyme. The simplest possible Michaelis—Menten
equation was used to describe such process. As a result, we obtained the desired
representation of the functionv,

ini,sinm, X *

The same considerations were used to derive the v function. In this case, elongating

sinm, X
complexes X . represent an enzyme, and generalized resource Z represents a substrate. At

the same time, among large number of identical reactions of nucleotide attachment to the
growing chain, we considered only one reaction; and the number of consumable molecules of

the generalized resource was considered via parameter A, ;.. « .

Subsystem (3) — protein synthesis. We suppose that initiation of protein synthesis occurs
in the mRNA regulatory regions (analogues of SD-box); the result of initiation is the
elongating complex, which after a while generates one protein molecule. Protein synthesis
was described by the following equations:

dXx
- = Vini sin,x _VsinX’x = P’R’C’D’M!
dt s ’
X . . X=P,RC,DM,
dt '
dWC =" (Vini,sin,X * Vainx )’
dt X=P,R,C,D,M
dz
E = _VZ,prt’ (4)
VZ,pn = (Vini,sin,X +Az,sin,xvsin,x )’
X=P,R,C,D,M
X 2
Vini,sin,X =|(ini,X XmRNA_ = 2 WC Z ,X=P,R,C,D,M,
Mex J(KenV ) + Ko WWe +WE KV +2
Vsin,X = ksin,X Xbuf ;7 X =P, R’C’ D,M.
KZ,sin,XV +Z

t26

Mathematical Biology and Bioinformatics. 2017. V. 12. Ne Suppl. doi: 10.17537/2017.12.t123



PHENOTYPIC VARIABILITY OF BACTERIAL CELL CYCLE: MATHEMATICAL MODEL

Analogous arguments used to derive equations (3) were used to derive functions Vinisinx
and vsinx. Moreover, it was considered that two ribosomal subunits participate in the initiation
of translation: large and small. Therefore, instead of a linear fraction, quadratic fraction was
used to describe assembly of the ribosomal elongation complex.

Parameters in the equations (3) and (4) have the following meanings: Kcx,1 — Michaelis—
Menten constants, Kinimx, Kinix — initiation rate constants, Ksinmx, Ksinx — rate constants for
MRNA and protein synthesis.

Subsystem (4) — growth of cell wall and cell volume. Cell wall growth was described by
the exponential mechanism, according to which the growth rate of the wall is proportional to
the product of the area by the concentration of the cytoplasmic structural factor:

dW.,

dt =—Vrzso
ds
E = growVR,Z,S ’ ;
4z )
E =—Ar7sVRzs>

W Z

VRzs = ks R

- V Kz,sV +Z

In (5) ks is the rate constant for the incorporation of the growth factor molecule into the
cell wall, kgrow denotes the scale coefficient for the growth of the area (um?) per molecule. The
model is based on the cylindrical cell with flat ends, the growth of which is due to an increase
in the area of the cylindrical part of the shell. The cell volume was calculated by the formula:

V =pS. (6)
Here p is half the radius of the cylinder. Part of the cell cycle in which parent cell divides into
two daughter cells was neglected.

Subsystem (5) — degradation of mRNA and proteins. Let us assume that mMRNA and
proteins have finite lifetimes. Constitutional decay (loss of functionality) of molecules was
described by linear laws:

dx.,,
% = " Vdegrm,X ! kdegrm,x = XmRNA’

. X =P,R,C,D,M. @)
. _Vdegr X ’Vdegr X = kdegr X X.

dt ' ’ ’

Dynamic decay of molecules, carried out by nucleases and proteases, was also considered
in the model. Generalized degradation factor, the active form of which is the WD complex,
performed this role in the model. Dynamic decay was described by the equations:

deRNA Y Y _ deegrm,X WDXmRNA
dt - dindegrm,X * “dindegrm, X K Y '
Ddegrm, X V + MRNA

Y=P,R,C,D,M KDdegrm,Y

dX _ _ deegr,X WDX
dt - _Vdindegr,X ’Vdindegr,x - K Y
Ddegr, X V +

X =P,R,C,D,M. (8)

Y=P,R,C,D,M KDdegr,Y
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We did not look at the decay of the complexes.

Subsystem (6) — generalized nutrient resource. We believe that during its life cycle the
cell consumes a generalized resource (analog, glucose), from which it synthesizes DNA, RNA
and proteins and builds all cellular components and structures. Let us assume that nutrients
enter the cell from the external environment, at a rate that is proportional to the cell wall area
S. The amount of nutrients inside the cell we denote by Z. Processes by which a cell converts
nutrients into low-molecular substances (nucleotides, amino acids, etc.) were neglected. We
assume that intracellular fraction of nutrients represents a universal building element of all
cellular components.

Additional to equations describing nutrients consumption during mRNA, protein and cell
wall synthesis (see (3)—(5)), we have equations describing nutrients flow into the cell (v, ),

outflow from the cell (v, ;) and nutrients consumption during genomic DNA replication

(VZ,utiI,DNA):

dz
E =Vzin = Vzout ~ Vz util,onA>
)
Z
Vzin = kin,ZS’VZ,out = kout,z \781VZ,utiI,DNA = kZ,DNA (dORI - dTERM )

where dori — number of replication initiation sites in the cell at the current time, drerm —
number of replication termination sites, (dori — drerm) — numMber of replication forks, in which
nutrients consumption in the process of genomic DNA replication occurs.

Subsystem (7) — initiation and elongation of replication. Initiation of replication was
described in the model as a one-time double increase of the current number of dor) replication
initiation sites (ORI) at the moment the cell reaches the volume V = Diny-dori (Dinv — Donachi
invariant, [27]). At this time point, 2dori Of new replication forks arise that move along the
genome at a rate that provides doubling of the genome in a time Tin (Tinv — Cooper-
Helmstetter replication invariant, [28]). For each gene, we determine the distance to the ORI
site distx in units of time that is required for the replication fork to reach the designated gene.
At this point, the number of genes Gx is doubled. Tin after the replication initiation replication
forks reach the termination site of the replication. At this moment, the current number of
genomes doubles and the number of replication forks decreases by the number of terminated
ones.

Subsystem (8) — cell division. The cell is divided after not less than Diny time units have
passed since the appearance of two genome copies in the cell (Dinv — Cooper-Helmstetter
division invariant [28]). If at this moment the cell volume is V > 2-Vnin, then the division takes
place. At this moment, all absolute indices of the cell are divided in half. If V < 2-Vpin, the cell
continues to grow until it reaches a minimum critical volume of 2-Vpin.

Subsystem (9) — general system that describes bacteria cell functioning at the current
time of the cell cycle. Equations (2)—(9) describe local rates of change in amounts of the
corresponding cell substances, determined by specific processes. To describe global rates of
change in amounts of substances at the current time of the cell cycle, it is necessary to
summarize all local velocities for each substance (the velocity addition law). As a result, to
define laws of change in absolute amounts of substances in a cell, we receive the following
system of equations:
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d_s = growVR z,S1
dt -
dX
L = Vini sinm,x_ ~ Vsinmx » X =P,R,C,D,M,
dt o '
dX
% = Vsinm,x _Vdegrm,X _Vdindegrm,x , X=P,RC,D,M,
dX
= = Vinisinx — Vsinx 1 X:P!R’C1D’M’
dt o '
dX
E = Vsin,X - r]1,XVWX _Vdegr,X _Vdindegr,X , X=P,RC,D,M,
dw 10
: :VWP - Z (Vini,sinm,X _Vsinm,X )’ ( )
dt X=P,R,C,D,M
dw,
dt =V, ~Vrs:
dw,
= — Voo — Vo )
dt We x_p'R,M,c( ini,sin, X sm,X)
dw,
dt "’
dz
E =Vzin = Vz out _AR,Z,SVR,Z,S = Vz uit.ona = Vz mrna T Vz prt-

1.2. Calculation method of the model

An original FORTRAN program was developed for calculating the model. Calculations
were carried out for cells arising as a result of successive division. The system (10)
calculation started from the given initial state at the zero time point. Numerical integration of
the system (10) was carried out at finite time intervals. Boundaries of the intervals were the
time points in which either the value of one of the parameters dori, drerm, Gx, X =
P, R, M, C, D changed, or cell division occurred. At these points in time, integration of the
system (10) was interrupted. Depending on the conditions, either values of the parameters
dori, drerm, Gx Were changed, or the initial state of the daughter cell was calculated. After
that, integration of the system (10) was resumed with new values of the parameters dori,
drerm, Gx, or with new initial data. For the calculation, a semi-implicit scheme was used that
ensures the law of conservation of the number of particles and guarantees the positivity of the
solution if the initial data are nonnegative. The difference scheme is given in the Appendix.

1.3. Estimation of model parameters

Parameters of the replication, transcription, translation, formation of protein complexes,
MRNA and protein degradation were evaluated from literature data, based on the average
statistical values characteristic of bacterial cells [29-37]. When assessing parameters of
growth and cell division, we focused mainly on E. coli and closely related species [27-29].
Prototype of the structural protein of the shell ® was considered the most representative cell
wall protein Lpp [38]. Parameters used are shown in Tables 1 and 2.
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2. ANALYSIS OF THE DYNAMICS OF FUNCTIONING OF THE MODEL OF
BACTERIAL CELL CYCLE

2.1. Degenerative scenario of the cell cycle

Let us note that for any set of parameter values model (10) has a so-called degenerate
phenotype. It is characterized by zero amounts of mMRNA and proteins. Since all biological
molecules are damaged over time (as a result of collisions with other molecules), values of
rate constants for the constitutive decay of mRNA and proteins in the model (10) are greater
than zero. This implies that degenerate phenotype is locally stable.

On the content level, this implicates that for any set of parameter values there is positive
probability that during division, due to random fluctuations, daughter cell can receive enough
dissolved substances for it to gain a potential for developing a degenerate phenotype. After
that, slowly (maybe after several cycles of division) cell’s metabolism slows down so much
that the cell stops dividing. However, the cell degeneration continues, since natural loss of
active molecules in the cell is not replenished by their de novo synthesis. This outcome can be
interpreted as loss of vitality and death.

Since the existence of a degenerate phenotype is undoubtable, it became clear that de facto
the area of its attraction can not be too big. This conclusion follows from experimental
observations that indicate a very high cell viability and association of their premature death
with other causes, rather than with the cell entering the degeneration area.

To get a rough idea of the probability of degenerate phenotype realization, let us perform
the following thought experiment. Imagine that there is no ribosome in the cell. Then,
regardless of the values of other substances concentrations, translation will not occur in the
cell, which, in the end, will lead to cell death. That is, a sufficiently small amount of
ribosomes ensures that the cell enters the degeneration area. We now turn to the model (10).
In it, ribosomes represent complexes of generalized ribosomal protein C. Protein C, in turn, is
produced from mRNA under the control of ribosomes. We linearize the right-hand side of the
equation of the ribosomal protein C production/degradation rate near zero. After
simplifications, we find the following equation:

nc-1 2
d_C = kiniCmRNAb c c - kde r cC
dt ' Kc,c KD,WC o

From it, we calculate the upper approximation for the protein C degeneracy point:

2nc -1 2
C < kdegr,C ( KC,C )
KD,WC kini,CmRNAZ l<D,WC

Let us estimate possible value of the given number. To do this, let us assume that there are
mRNAc molecules in the cell (otherwise, the right-hand side of the inequality equals infinity,
which is equivalent to its automatic implementation for any values of C). For definiteness, we
assume that their minimum possible number is one molecule per cell. Values of other
parameters we take from Table 1.

2n:-1 2
=% 107(7-10°
c < (_1 ) N )
Kowe 55.10%.100 55

From the obtained estimate, we identify that the degeneracy threshold based on the
amount of free ribosomal protein is close to the value of Kpwx (generalized constant for the
dissociation of large and small ribosomal subunits into protein constituents) (Table 1). This
ratio is determined by the high degree of multimerization of ribosomal subunits, which is
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assumed in the model to be nc = 25. In this case, the number of free ribosomal subunits is
estimated to be

ne-1

nc-1 Ne—
W, =C C SC(%)ZM 1
DwC 55

It seems fairly obvious that if a cell functions in the parameter area shown in Table 1,
appearance of a cell with extremely small amount of ribosomes (one per cell) is a very rare
event. However, with other relative parameter ratios, probability of degeneration can be very
high; nonetheless, a more detailed analysis of the degenerate phenotype is beyond the scope
of our study.

2.2. Nondegenerate cell cycle phenotype

In this section, we demonstrate that when values taken by the parameters are in the
physiological range of the rates of molecular and biochemical processes in prokaryotic cells,
model (10) allows calculating the nondegenerate cell cycle scenario with characteristics
observed in many natural cells. One of these variants of parameter values is given in Tables 1
and 2.

Table 1. List of model (10) parameters and parameter values for which model (10) has a
stationary cell cycle with duration T ~ 20 min

Formula

No Parameter 2 Definition of parameter Value®
1 2 3 4
K rate constant for formation of an active complex Wy, 1
1,2 XW X=P.R,C,D 10 sec
equilibrium dissociation constant for the active 3
2 Kowx complex Wx, where X = P, R, C, D are monomers 100 pes./um
multimerity of functionally active complexes Wy,
1,2 nx X=P.R,C,D 4,3, 25, 4 pcs.
number of monomers X in the complex Wy,
n
2 L x X=P.R,C,D 1,3,1, 4 pcs.
s . 0.1,0.2,0.2,
Kinim,x rate constant for initiation of MRNA synthesis 0.2, 0.2 sec !
Ksinm.x rate constant for mRNA synthesis 0.1sec?
K Michaelis constant for RNA polymerase involvement 500 pes./um®
PX in the process of transcription initiation from gene X pes/p
3 K, Michaelis constant for the resource Z consumption 110 ¢. w/um?
4inimX during initiation of gene X transcription I
Michaelis constant for the resource Z consumption 3
Kz butmx during elongation of gene X transcription 110 ¢ u/um
maximum number of RNA polymerases per gene X
Np.x . - 10 pcs.
during elongation
Kini, x rate constant for initiation of protein synthesis 0.1, 0(')4‘12'505_’10'04’
Keinx rate constant for protein synthesis 0.1sec™?
| R o i | 5000500 700,
cx rboso P 5000, 10000 pes./pm?
4 initiation
Ko Michaelis—-Menten constant for the resource Z 110 ¢. u/um?
iniX consumption during initiation of gene X translation R
K Michaelis constant for the resource Z consumption 110 ¢. u/um?
ZbutX during elongation of gene X translation R
maximum number of ribosomes per gene X mRNA
mc x . 10 pcs.
reading frame
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Continuation of Table 1. List of model (10) parameters and parameter values for which model
(10) has a stationary cell cycle with duration T ~ 20 min

1 2 3 4
K rate constant for the incorporation of the growth 1 sect
s : sec
factor molecule into the cell membrane
Kys Michaelis constant for the resource Z consumption 110 ¢. u/um®
' during the cell membrane growth T
5 growth coefficient for the increase of the membrane
Kgrow area per one molecule of growth factor, pm? 0.00058 pum®
number of conventional units of the resource spent
Arzs per one unit of growth factor Wg, incorporated in the lc.u.
membrane
6 p half the radius of the cell 0.25 pm
7 Kdogr.x aate constant for the protein X constitutive 0.000001 sec L
egradation
rate constant for the gene X mRNA degradation by 0.0029, 0.00029,
deegr,mX cellular nucleasest 0.0029, 0.0029,
0.0058 sec™*
Michaelis constant for the gene X mRNA degradation
8 Kodegrmx by cellular nucleases® ’ ’ 2900 pes./pm?
K rate constant for the protein X degradation by cellular 0.0011, 0, 0.0011,
Daegr.X proteases® 0.0029, 0.0029 sec!
Kodeqrx lc\fla:::lzllzu:l;)sroctzgztteirgt for the protein X degradation by 2900 pes./um?
K rate constant for the inflow of nutrient resource into 120000
nZ the cell c. u./(sec-umd)
9 K rate constant for the outflow of nutrient resource 100
outZ C. u./sec
from the cell
K specific rate constant for the resource consumption 1c. u/sec
#DNA during genomic DNA replication S

aX =P, R, C, D, M, unless otherwise specified.

®1f a single number is represented in the graph, then values of all specified parameters are equal to it

otherwise values are indicated in the order of the index X value change.
¢In the model, nuclease and protease activities are carried out by a single generalized protein Wp.

Table 2. Characteristics of the genome and cellular invariants

Subs]?r/stem Parameter Definition of parameter Value
o
dori.drern Number c_)f c.opies. of replication initiation
' and termination sites, and genes gP, gC, 1,1,1, 1,500 pcs.
9x gR, gM, and gD in the genome
distance of the gene X from the origin of
7 disty replication (calcu!ateq as t_hg _tin_1e from the 600, 1200, 600, 1200, 1200 sec
moment of replication initiation to the
moment of gene X doubling)
Cell volume per one replication initiation
7,8 Vinv site, when it exceeds the initiation of 1.5 um®
genome replication starts
7,8 Tiny duration of the genome replication 2400 sec
7,8 Dinv cell division duration 1200 sec

Main features of the cell cycle calculated according to the model (10) are presented in the
first column of the Table 3 for a given set of parameter values. We shall note that given
phenotype has a short cell cycle (T ~ 20 min), large volume of the newborn cell (V ~ 6.1 pm®),
intensive replication (eight replication forks at the beginning of the cell cycle) and intensive
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metabolism (tens of thousands of RNA polymerase molecules and more than a hundred
thousands of ribosomes). Data presented in Table 3 also demonstrate the dependence of
phenotypic characteristics on the availability of the nutrient resource. Note that calculated
characteristics vary in accordance with the expectations developed during experimental
observations: as the resource deficit increases, duration of the cell cycle increases, cell size
decreases, intensity of replication and metabolism decreases [39]. From the data presented, we
conclude that characteristics of the calculated phenotype correlate well with the corresponding
parameters of E. coli, S. typhimurium and B. subtilis cells developing in a rich medium [27,
28, 39-41]. We named this scenario the R-phenotype (Rapid-phenotype).

Table 3. Dependence of phenotypic characteristics on the variations in the rate of resource entry
into the cell

Cell cycle Awvailability of nutrient resource k;, ,
characteristics 132000 59500 40000 25000
Phenotypes R S R S R S R S
Duration (min) 20 2136 30 2684 40 3118 60 3836
Cell volume? (um?®) 6.1 1 3.0 1 2.2 1 15 1

Number of ribosomes? 127200 170 46300 162 27500 162 15200 160

Number of RNA 27800 | 30 | 13300 | 29 | 8800 | 29 | 5200 | 29
polymerases
NU”?b_e_r of rep!lcatlon 8 1 4 1 2 1 2 1

initiation sites

Relative genome mass® 7/3 1 5/4 1 3/2 1 1 1

2at the moment of cell birth;
® mass of one copy of genome was taken as one unit.

2.3. Second nondegenerate phenotype of the cell cycle

A remarkable property of the set of parameter values given in Table 1 is that, in addition
to the cell cycle scenarios described above, another nondegenerate stable scenario exists in the
model (10). Unlike R-phenotype, this scenario is characterized by slow growth, prolonged
cellular cycle and low replicative and metabolic activity (Table 3). Therefore, we designated
this scenario as S-phenotype (Slow-phenotype). According to its characteristics, S-phenotype
is similar to the so-called persistent phenotype of natural cells [20].

Thus, in model (10), a single cell cycle is carried out not in one, but at least in two
nontrivial ways. Numerically, both R- and S-phenotypes are stable, that is, a nontrivial area of
attraction exists for each of them. Each cell at the initial moment of birth has a certain set of
concentrations, substances dissolved in it, and the phenotype of its cell cycle depends on the
area of attraction.

2.4. Biological interpretation of modeling results

Let us apply modeling results to real cells. Let us consider a cell with the set of parameter
values that allows carrying out the cell cycle in two different ways and assume that such cell
exists in optimal external conditions. In this case, a population of cells derived from such cell
will mostly consist of large, fast-growing cells with short cell cycles. In terms of the model
developed above, these will be cells with R-phenotype. However, from time to time, small,
slowly growing and rarely dividing, but at the same time completely viable cells will appear
in the population. Such cells we identify as cells that grow differently and have, what we
called, S-phenotype.

In addition, a third cell type will occur in these populations of cells at vanishingly low
frequency. They are also small, but the intensity of metabolism gradually decreases it these
cells until the viability is lost completely. Moreover, such suicide cells appear without
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apparent cause, since the only driving factor in the implementation of such a scenario is the
inevitable fluctuations appearing during the redistribution of dissolved substances of the
parent cell between daughter cells.

DISCUSSION

The present work introduces a deterministic model of prokaryotic cell cycle. In the model,
the cell cycle duration is controlled by the cell size and the presence of two or more complete
copies of genomic DNA. Rates of cell volume growth and DNA replication were reconciled
on the basis of the Donachi phenomenological growth law of initiator mass constancy [27];
durations of replication and division were determined in accordance with the Cooper and
Helmstetter invariants [28], which are being successfully used in modeling of prokaryotic cell
cycle [42-44].

We present a set of parameter values, which allow carrying out cell cycle in at least two
different ways: R- and S-phenotypes. Cells with R-phenotype divide quickly, have large sizes
and are characterized by intensive replication and metabolism. S-cells, on the contrary, divide
rare, have small sizes and have low levels of metabolism and replication. The ability to have
two phenotypes can be realized in the model, in which intracellular processes are described
without involving feedback mechanisms that create special conditions for the formation of
bistability. Hence, we assume that observed phenotypic multiplicity represents an intrinsic,
immanent property of bacteria, and universal nonlinear properties of the conjugated
transcription-translation system, under the control of which all processes of the cell cycle take
place, lie at the basis of this phenomenon.

Thus, based on the model analysis, we predict that under the same conditions the same
natural cell can carry out cell cycle in more than one way. That is, the cell can implement the
following principle of reproduction: one genotype — two phenotypes. At the same time, as
bacteria are nonlinear, dynamic, dissipative and self-reproducing systems, general principles
of their hereditary information storage and transfer, as well as fundamental biochemical laws
of functioning, are sufficient for the realization of such principle of reproduction and do not
require any special molecular genetic regulatory trigger mechanisms. Obviously, this form of
reproduction is more complex, in comparison with one genotype — one phenotype principle
of reproduction.

Let us discuss whether cells that during division implement one genotype — two
phenotypes principle have any advantages over cells that produce single phenotype during
division.

Let us point out that in nature cells exist in inconstant environmental conditions and are
regularly exposed to stressful influences. It is logical to assume that actively growing cells
with high levels of metabolism and replication are more susceptible to the environmental
stresses, compared to slowly growing cells with low levels of replication and metabolism.
That is, R-phenotype is more susceptible to stress than S-phenotype. In other words, the
biphenotypic principle of reproduction has an evolutionary advantage over the
monophenotypic one.

In our opinion, this statement is strongly supported by experimental and theoretical studies
of the adaptation of E. coli cells to environmental conditions. It was demonstrated that under
transition from one nutrient resource to another, and also under nutrient deficiency, that is,
under stress, a phenotypic heterogeneity in bacterial growth rates, and, therefore, in metabolic
rates, is observed in a genetically homogeneous population [17, 18]. We hypothesize that
possibility to carry out cell cycle in two different ways has not only been implemented
numerous times in natural cells, but has also been established at the genetic level via the
emergence of specific molecular genetic mechanisms that in various species are characterized
by a significant variety. Such a property is possessed, for example, by trigger mechanisms,
widely distributed in living organisms, organized by a feedback type, and characteristic of

t34

Mathematical Biology and Bioinformatics. 2017. V. 12. Ne Suppl. doi: 10.17537/2017.12.t123



PHENOTYPIC VARIABILITY OF BACTERIAL CELL CYCLE: MATHEMATICAL MODEL

many stress-regulated systems, including toxin-antitoxin system (see review [45]). It is
therefore not surprising that peculiarities of functioning of these systems [22—24] are thought
to be associated with mechanisms of emergence of cells possessing a persistent phenotype
[20, 46, 47], the general characteristic of which agrees so well with the predicted S-phenotype
of the cell cycle (see section 2.3).

The proposed hypothesis of the origin of bimodal cellular distribution according to growth

rate, cell size and metabolic level allows illustrating the characteristics of persistent cells [20,
46, 47] based on the basic properties of the transcription-translation system inherent in all
living organisms. In this sense, our hypothesis is universal and is applicable to evolutionarily
distant prokaryotes.

The work was partially supported by the Russian Foundation for Basic Research (Ne 16-01-00237)
and the project of fundamental research of the SB RAS "Genetic bases of molecular genetics, cell
biology, bioinformatics and biotechnology" Ne 0324-2015-0003.
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APPENDIX.
DIFFERENCE SCHEME FOR NUMERICAL INTEGRATION OF THE SYSTEM OF
EQUATIONS (10)

Let us introduce the following notation for the concentration of substances: p = P/V,
r=R/V, m=M/V, c=C/N, d=D/N, z=2ZIN, pout=Pout IV, rout=Rout,/V, Cbut = CouilV,
dout = Dout/V, Mout = Mout/V, Pmbuf = Pmbut/V, Fmbuf = Rmpuf/V, Mmput= Mmbut/V, Cm,puf = Cmbuf/V,
O but = Dmput/V, mrnap = MRNAR/V, mrnagr = MRNAR/V, mrnac = mMRNAc/V,
mrnam = MRNAw/V, mrnap = mRNAp/V, Qoutp = Gour,p/V, Goutr = Goutr/V, Obutc = GoufcV,
gbutMm = Goutm/V, Gout.o = Gout,o/V, Wp = We/V, Wr= Wr/V, W = We/V, wv = Ww/V, wp = Wp/V.

Also let us denote:

hm‘xfl
max(G—X— Oout x 0) Wp
V ep‘x Z Km‘x
Wiy = —, X=P,R,M,C,D,
Km,x Kz,bufm,x +1Z ( W, Jm’x
1+ P
Km,X
X W hy -1
{max(mrnaX —eb”f ,0)} {KCJ
z
Yy = = ~——-, (xX)=(p.P),(r,R),(mM),(c,C),(d, D),
Kx Kz,bufp,x +1Z (WC j
1+ —
KX
z z z
_ oy =ty - X-PRM.C,D,
Vs Kz,s+Z W sinm, x KZsinm,x +7 Wiin,x KZsin,X +7
ny -1
X
cli ] 0= (R R ) ()
D, X W

hdm‘D,X’l
mrna,
Wp Kdm,D,X

Kinx =K +k X,X=P,R,M,C,D,,

dm, X cdm, X dm,D, X Kd . mrna Nam. o,
m,D,
14{ X ]

Ko =K +Koox 2 £Kd‘”] o (xX)=(p,P),(r,R),(mM),(c,C),(d, D),

Kd h.b,x
’DYX 1+( X J
Kd,D,X

hy oy 1
Wy
Wp Kd,D,WX
dw, = kcd,wX + kd,D,wX o~ , X=P,R,M,C,D,,
Kd,D,WX W X
1+ X

K

d,D Wy
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Gf Gbuf,x
1 S \Y; \Y;
ktotl,util = kout,zS + AZ,SkS WR K +7 \7 + Agz kelong,repl K 17 + AZsinm,GbLvax ksinm,X K +7 +
s,z Zsin,G =P, Zsinm, X

X
buf
+Az,sin,x ksin,X K '
Zsin, X +1Z

We rewrite system (10) from the text of the article with allowance for the introduced
notations:

dS W,
ot = Agks TR\VSS — kgsS \V =pS,
—_ peyurausayus
pocm
noesepxHocmu
(?j_z = I(in,zS - ktotl,utilz'
influx pacxoo pecypca
dG
(;l;f’x = kbufm,x \I]m,XWp - ksinm,x \Vsinm,XGbuf,X ! X = P’ R’ M ’C’ D’

dmRNA
TX - ksinm,X Wsinm,XGbuf,X - kdm,X mRNAX ’ X = P’ R’ M ’C’ D’
dxbuf
Tz kbuf,X\VXWC _ksin,X\Vsin,X xbuf ’ X = P’R’M’C’D’ (Al)
dXx
E = ksin,x\l’sin,x Kour + N x Kux Wy _(kd,x + Ny Kux Cx )X’ X =P,R,C,M,D,
dW dGbuf,

dtp = kupCp P — Z ( dt . _(kwp "'kd,wP )WP’

X=P,R,M,C,D

dw, dX

dtc =KuGcC—-2 > ( " ~ (Kue + Kaw, JWe.,

X=P,R,M,C,D

dw

dtD = kypCp X _(kWD + kd,wC )WD1
dw, S

dtR = kwrCrR _(kWR +Ksws \7+ kd,WR jWR'

Next, we write equations (A1), starting with third, in the difference form:
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Gbuf,x,l _Gbuf,X,O
h = ksinm,X Wsinm,X,OWp,l - kbufm,x \Vm,X,OGbuf,X,l’ X=P,R,M 'C' D,
MRNA, ; —mRNA,
’ h Y :kSinm,XWsinm,X,OGbuf,X,l_kdm,XmRNAX,l’ X = P’R’M’C’D’
Xbuf 1 Xbuf,o
h = kbuf,x Wy oWe, — ksin,x VanxoXour1r X =P,RM,C,D,
KXo _y —hn, KWy, +(Kgx + Ny Kyx Hy o) X, X =P,R,C,M,D
h = sin,x\Vsin,xo buf 1 b x Kwx VWx 1 d,X 1 x Bwx Tlx o ) Aas =rm LM, U,
W, ., —W
% = Gbuf,x,o _(kwp + kd,w,, )Wp,l - Z buf X1 —kypH
X=P,R,M,C,D X=P,R,M,C.D
W.., -W
%zkwcgc,ocl‘kz Xbuf,o _(kwc +kd,wc )WC,l_Z Xbuf,l_hv
X=P,R,M,C,D X=P,R,M,C,D
W, ., —W
% = k\NDCD,O Xl - (kWD + kd,wC )WD,l’
WR,l _WR,O _ Tk W
—hn KurCroRy —| Kur + ‘Vs o T Kaw, |Wras (A2)
Where

Gour x1 = Gt (t+h), Gour x 0 = Gour (1),

Ws,l =V (t + h), \Vs,o =Yy (t)a
\Vsinm,x,l = \Vsinm,x (t + h)' \llsinm,X,O = \Vsinm,x (t)’

\Vsin,x,l = \Vsin,x (t + h)v Wsin,X,O = \Vsin,X (t)7
MRNA, , =mRNA, (t+h), mRNA, ; =mRNA, (t),

W, , =W, (t+h), W, , =W, (t), X, =X(t+h), X X(t),
=Gy (t+h), Cyxo=Cx(®).

We transform the system (A2):
(1 DR g x Weinm x.0 ) Gout x 2 = NKoutm x Wi x oWp1 = Gpur x00 X = P,R,M,C, D,
(1+ hkygp  JMRNA, | —hKgo o W x 0Cour xs = MRNA, ;. X =P,R,M,C, D,
(14 DKy x Wainx 0 ) Xour 1 = MKout x W Wey = Xy oo X =P,R,M,C,D,
(1+ hky y + 0N,y Ky Gy O)x1 — DKy x Wein x 0 Xour 1 — Ny Ky Wy, = X, X =P,R,C,M, D,
(1+hkyp + kg Wei + D Gugxs —MKupGooP =Wog + > Gy o =X
(

X=P,R,M,C,D X=P,R,M,C,D

1+ hkwc +hde )W01 +2 Z buf 1 hkwc‘;c oC Wco +2 Z xbuf,O’

X=P,R,M,C,D X=P,R,M,C,D

L+ hkyp + hkd,wc )WD,l - thDC)D,Oxl ZWD,O’

k
(1"' hkys + hFS\Vs,o + hkd,wR jWR,l —hKyrCroR =Wg -
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(1+ hksinm,x \Jrlsinm,X,O )Gbuf,X.l - hkbufm,x Wm,X,OWp,l = Gbuf.X.O' X = P’ R’ M ’C’ D’
(1+ hkdm,x )mRNAx 17 hksinm,x \Vsinm,x,OGbuf,x,l = mRNAx,Ol X =P,R,M,C,D,
(1"' hksin,x‘l’sin,x,o) Xout 1 = Koy x Wx Wy = Xpr oo X =P,R,M,C,D,
(1+ hkd,x + hnl,)( Kux Cx,o ) X, = hksin,x ‘Vsin,x,oxbum - hnl,X kwxWx,l =Xy, X=P,R,M,D,

hk u \U I(sin \Vsin C u
(1+ hkd,C + hnl,c kwcgc,o )Cl - hksin,chin,c,o (1+ h|z — WCYO )Wc,1 - hnl,C kWCWC,l = Co +h (1+’;k VC\YE - f,o) '
sin,C Y sin,C,0 sin,C Y sin,C,0
K W Ksinm,x Wi Gt x 0
1+ hkw +hk + h bufm, X m,X,0 W _th g P =W +h sinm, X Y sinm, X ,0 uf , X, ,
{ i e X=P,§A .C.D (1+ hksinm,X \Ijsinm,x,o) o PRRe P X=PvRZ~M .C.D (1+ hksinm,)( \Vsinm,x,o)

Kour x W/ Ko s Weinxo X
1+ th 4 hk + 2h buf , X X,0 W _ hkw g C :W + 2h sin, X 't sin,X,0 “ *buf ,0
{ © e XZP,RZ“:A,C,D(H MK Wano) ) XZP,RZ“:A,C,D(H MK x Vot o)

L+ thD + hkd,wC )WD,l - thDCD,OXI :WD,O’

k
(l"' hkys + hFS\Vs,o + hkd,WR jWR,l —hKyrCroRy =W -

o kbufm,X\Vm,X,i Q o Q )
e (1+ hksinm,x\vsinm,x,i)’ ! X=P,RM.C,D e
k .
Q, =i g Q,,, X=P,RCM,D, i=01
' (1+ hksin,X\Vsin,X,i) X=P,R,M.C,D ’

We obtain a system for unknowns Cy and Wc 1:

be
1+hky oo+
( h _nl,chkwc + hksin,chin,c,thc,o C +h ksinvcwsinvcyocbuf 0
Nc kwcCc,o 0 (1+ k. . )
I — Bz [ Cl j sin,C Y sin,C,0
acin —
; Wc,l ksin W, X ,
—hkyeCe o ((1+ hkyc +hkd,wc,o)+2th) W, +2h X Wsin, x 0 N but, X 0
& X=P.R,M.C,D (1+ hksin,X\Vsin,X,O)
21 ac,zz
bP,Z

Detc =8c118c 2 ~ 8¢ 128c 21 Detc,l = bc,lac,zz + bc,zac,lz , Detc,z = bC,laC,Zl + bc,zac,u-

From where we find
Det, , Det,,

1 F’[c’ Wc,1 _Wtc’
From the equation:

(14 MKy Wain x0) Xour 2 =Mooy x Wx Wy = X e X =P,R,M,C, D,
We find:

Kot o7 hKp ,x\lfx,ch,l
(1+ hI(sin,X \Vsin,x ,0 )

The system for P1 and Wp 1 has the following form:

, X=P,RM,C,D.

Xbuf 1=
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1+ hkd,P,O + bp 1
~ M ehkye P +hk, .y, ..P
nl,Phk\NP(;P,O —— P 0 SII’],P\VSIH,P,O buf ,1
apa2 1
ap 11 = k : A\ G
" [W ] W + h sinm, X Y sinm, X ,0 ~buf , X ,0
hhpCoo (14 hkyp By, o) +000 ) " [ PO x:p,RZ,h:A 0 (1 MK s Wm0
R —

a b
P2l 8p 2 P2

Detp =8p118p 2 —8p 1,8 5y, DetP,l = bP,laP,zz + bP,ZaP,12' Detp,z = bP,laP,Zl + bP,ZaP,ll'

From it we find:
Det;, B Det,,

' Det, "' Det,

The system for P1 and We,1 has the following form:

1+hky g o+
n th Q _(nl,thWR) be s
1,R R“R,0 T :
ARt { Rl j _ R0 + hksin,R\Vsin,R,ORbuf 1
So WR,l WR,O 1
_thRC.!R,O 1+ hks V_+thR +hkd,WR,0 be »
— 0 '

DetR = Ag 1185 2 ~ Ag128R 21> DetR,l = bR,laR,ZZ + bR,ZaR,12’ DetR,Z = bR,laR,Zl + bR,zaR,ll'

From where we find:
B Dety,, Det,,

i Det, * ' Det,

From the system

(1+hkd,D,0 +nl,thWDCD,O) _(nl,thWD) b1
—_—
ar 11 aR 12 ( Dl ] _ DO + hksin,D\Vsin,D,O Dbuf 1
_thDCD,O (1+thD + hkd,WD,O) Wo, Wo.o
a a bD,Z

DetD = 8p118p 22 ~Ap 128 21 DetD,l = bD,laD,zz + bD,ZaD,IZ’ DetD,Z = bD,laD,Zl + bD,ZaD,ll’

We calculate
Det, , Det,,

Det, = ' Det,

1

From
(1+ hksinm,X Wsinm,X,O)Gbuf,X,l - hkbufm,X\I]m,X,OWp,l = Gbuf ,X,07 X = P’ R’ M ’C’ D’

We calculate

_ Gout x0T Mo, x Win x oW,

G x1 = 1+ 1K L X=P,R,M,C,D.

sinm,XWsinm,x,O
From

(1"' hkdm,x,o) MRNAx,l - hksinm,stinm,x,OGbuf,x,1 = MRNAx,ov X =P,R,M,C,D,
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We have
MRNAX,O + hksinm,X\Vsinm,X,OGbuf X1

1+ hk ’

dm,X,0
Collecting everything together, and adding equations with S, V, Z, we obtain the final
iterative scheme for numerical integration of the system (10) from the text of the article.

MRNA, , =

X=P,R,M,C,D.

C - Det. , W Det.,

' Det, ' ' Det,
Xpe o +hWL . Q
= buf ,0 CL°X0 ¥ _p R M,C.D,
’ 1+hkg,
3 Det, , B Det,,
‘" Det, ™ Det,
Det,, Det,,
= : , W =—), A3
R Det, "1 Det, (A3)
B Det,, B Det,, ,
' Det, ' ' Det,
Gy o1 = Gbuf,x,o + hkbufm,me,x,oWP,l . X=P,RM.C.D.
o 1+hksinm,XWsinm,X,0
MRNA, , +hk_ - G
MRNAXlI X,0 smm,x\Vsmm,X,O buf , X 1 ’ X — P,R,M,C,D ,
’ 1+hky,
kS ZO + hkin,zsl
S, =S| 1+hA; =y Wey | Vi =pS, Z; = 1thz_
p 1+ Ztotl,utiI,O
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