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Abstract. In this paper, a statistical analysis of a distribution of interhelical 

distances in the helical pairs of known proteins is carried out. A set of helical pairs 

of the protein molecules which was selected from the Protein Data Bank according 

to certain rules was subdivided into three subsets according to the criterion of 

crossing helix projections onto parallel planes passing through the helical axes. It is 

shown that the distributions of the distances for the helical pairs not having 

crossing projections have more long-range character than those whose projections 

cross. Using regression analysis we analyze the character of distributions, in 

particular, we show that in the subsets which do not have crossing projections, 

distributions of different distances between helical axes are gamma distributions. It 

is demonstrated that in the subsets having crossing projections, the ratio between 

the minimum distance and the interplane one is likely to be small as distinct from 

the subset not having crossing projections where the opposite is the case. The 

conclusion is proved that helical pairs having crossing axes projections are 

additionally stabilized due to internal interactions.  

 

Key words: structural motives of proteins, helical pairs in proteins, point model, 

statistical analysis, interplane distance, minimum distance between helical axes.  

 

INTRODUCTION 

Currently, structural motives having a unique spatial packing of the polypeptide chain are 

a central preoccupation of researchers. The interest in the structural motives is due to 

uniqueness of their structure and their capacity to serve as nuclei to which the rest fragments 

of the chain can attach themselves in the course of folding in accordance with certain 

rules [1]. However, irrespective of the mechanism by which the protein folding occurs, the 

structural motives can be used to create a system of structural classification of proteins [2]. 

Besides they can serve as starting structures in the course of identification of possible 

arrangements of a polypeptide chain in modeling the protein structure [1, 3]. Usually (though 

not always), a structural motif is a combination of several elements of the secondary structure. 

The simplest structural motives consist of two elements of the secondary structure which have 

a unique spatial arrangement. The object of our interest is the structural motives formed of 

two helices arranged one after another and bound by connections [4–6].  
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It is well known that α-helices are packed most densely [6]. Just α-helices prevail in 

proteins, probably because they are the most stable element of the secondary structure. π-

helices are rather few. 310-helices, mainly right-handed ones, occur as short fragments [7]. α-

helix is a well-studied secondary structure [8–12] which, together with β-structure, in many 

respects determines their common configuration. The stabilizing elements for α-helix are 

alanine, leucine and methionine (Ala, Leu and Met), while glycine (Gly) deteriorates the helix 

and facilitates the formation of irregular fragments. Proline (Pro) is not found in α-helix either 

(except for its N-terminal coil). The influence of aminoacid composition on the secondary 

structure can be estimated not only statistically [13], or experimentally [14], but also 

theoretically [7]. Besides, stability of α-helix is achieved by a certain order of alternation of 

hydrophobic groups in a chain which results in the formation of an entirely hydrophobic 

surface on the helix. The importance of appropriate alternation of side groups for the 

formation of a protein secondary structure was shown in papers [15, 16].  

Similar descriptions can be made for even more complicated structures which consist of 

two or three helices or a combination of several elements of the secondary structure [17].  

As is known, the most compact packing of two α-helices is reached in the case of 

antiparallel, perpendicular and, the so-called, slanted arrangements of the helices. Examples 

of such packing are super-secondary structures: α-α-corners, α-α-hairpins, L-shaped and V-

shaped structures [3].  

It is known that α-α-corner is a frequent structural motif in proteins [6]. This super-

secondary structure is formed by two neighboring α-helices bound by connections and packed 

orthogonally. In proteins α-α-corners occur in the form of a left-handed super-helix. Their 

sequences are arranged in a special way in a chain of hydrophobic, hydrophilic and glycine 

residues.  

Supersecondary structures of two neighboring α-helices which are bound by a connection 

and packed in antiparallel are α-α-hairpins. This super-secondary structure can be left-handed 

or right-handed depending on whether the second α-helix occurs to the left or to the right of 

the first one. The lengthes of connections between the helices can also be different. Besides 

each standard α-α-hairpin should have a specific and unique position in a chain of 

hydrophobic, hydrophylic and glycine residues [3]. 

L-shaped structures are also formed of two helices. A special role in their formation 

belongs to proline (Pro) which facilitates a break of a connection between two α-helices. 

These structures can be right-handed or left-handed [5]. 

V-shaped structures also consist of two α-helices. They look a lot like α-α-hairpins, in 

which unbound ends of α-helices are widely spaced; they also resemble L-shaped structures. 

In V-shaped structures, the length of α-helices does not usually exceed three or four coils [3]. 
In our earlier works [18, 19] we solved the problems of recognition [20, 21], analysis of 

stability and conformational analysis of structural motives of proteins of α-α-corner type in a 

computational experiment of molecular dynamics. The object of investigation was α-α-

corners with a short connection. Earlier (in 1993) the stability of α-α-corners was indirectly 

proved in vitro [22]. The hypothesis (which we proposed independently) of autonomous 

stability of structural motives was checked in silico in computational experiments of 

molecular dynamics [18]. 

In this paper we set up two main problems:  

 select from the Protein Data Bank (PDB) all the structural motives which are formed 

of two helices of any type, arranged one after another in a polypeptide chain, and bound by 

connections of different lengthes and having different conformations. These structural 

motives will form a data base for further analysis of such two-helical structures;  

 perform a statistical analysis of the distribution of interhelical distances in the helical 

pairs from this data base.  
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POINT MODEL OF A HELICAL PAIR  

It is well known that helices are frequent in proteins [6]. There exist proteins which 

consist of only helices and irregular fragments of different conformations (see hystogram in 

Fig. 1). It is evident from the hystogram that in the PDB there are many proteins which 

contain 60–70 % of helices. At the same time the hystogram demonstrates that the distribution 

of the number of proteins depending on the ratio between the number of aminoacids in the 

helices and the total number of aminoacids in the structures has a maximum for 40 %.  

 

 
Fig. 1. Hystogram of the distribution of the number of proteins in the PDB depending on the ratio 

between the number of aminoacids in the helices and the total number of aminoacids in a protein.  

 

A helical pair is a fragment of a protein chain which consists of two neighboring helices 

between which there is one or several aminoacids whose secondary structure is not helical. 

This element is probably the simplest element of the super-secondary structure. Such an 

object is very convenient to analyze, since it can be described by as few as four points of 

space. Indeed, if we approximate both the helices by cylinders around which the helices 

formed by a strand passing through Cα-atoms are wound, then the original and terminal points 

of the cylinder axes will be the four points which fully describe this super-secondary 

structure. Figure 2 presents an example of a helical pair. This is a fragment of a chain from 

the PDB (PDB ID 3A0B, Cα: 1000–1037). The figure illustrates the cylinders approximating 

the helix and the planes passing through the cylinder axes. The curve is approximated by the 

positions of Cα-atoms of the protein chain; the atoms on the curve are shown by points.  

From the viewpoint of mutual arrangement of helices, three distances naturally come up. 

The first one is the interplane distance. As is known, one can uniquely place two parallel 

planes onto two noncrossing right lines so that the shortest distance between the planes be the 

same as the distance between the lines. Assuming that the cylinder axes lie on the right lines, 

the shortest distance between these right lines will be referred to as the interplane distance of 

a helical pair and denoted as d. The second distance of a helical pair is the shortest distance 

between the segments which are the cylinder axes. It will be denoted as r. Obviously, the 

shortest distance of a helical pair r is always greater than or equal to the interplane distance d, 

therefore, even formally, we can introduce the value of a leg l and determine it as 
2 2l r d  . The leg l will be the third distance which describes a relative arrangement of the 

helixes in a helical pair. The point model of a helical pair is illustrated in Figure 3. Only the 
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axes of a helical pair are shown. The segment [A1, A2] is the axis of the cylinder of the first 

helix, [B1, B2] is the axis of the cylinder of the second helix. The figure also demonstrates all 

possible distances d, r and l between the helices in a helical pair. 

 

 
 

Fig. 2. Example of a helical pair. A fragment of a protein chain from the PDB consisting of 38 

aminoacids (PDB ID 3A0B, fragment coordinates: 1000–1037). The cylinders approximating the helix 

and the planes passing through the cylinder axes are shown. The curve is approximated by the positions 

of Cα-atoms of the protein chain; the atoms on the curve are shown by points. 

 

 
 

Fig. 3. Geometry of a helical pair – four points which form two segments in space.  

 

Figure 3 illustrates a particular case of a mutual arrangement of the axes when one point 

from where the perpendicular joining the planes comes out (in this case this is point A) is an 

internal point of the helical axis [A1, A2]. The second point B does not belong to the helical 

axis [B1, B2]. In this case the leg l is a continuation of the helical axis to point B, where the 

perpendicular joining the planes comes in. Another particular case is the case when both the 
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points A and B do not belong to their axes. Then the minimum distance between the segments 

is equal to the distance between the ends of the helical axes which are closest to the points 

from where the perpendicular comes out and where it comes in. Then the leg l will not have a 

simple geometrical representation, but can always be calculated formally.  

A special case of arrangement is when both the points A and B are internal points of the 

axes [A1, A2] and [B1, B2] respectively. Then the interplane distance d coincides with the 

minimum distance r, and therefore the leg l is equal to zero. This is the case when the 

projections of the cylinder axes cross. For this case, we will consider the distribution of the 

interplane distance d in detail. When the axes cross, the ratio /r d  is equal to 1. Here we 

investigate the general form of the statistical distribution for the ratio dr / . The statistical 

distributions of all the distances in a helical pair will be investigated in the same way.  

CRITERION OF SUBDIVISION OF ALL THE HELICAL PAIRS INTO SUBSETS  

In this work we will use the criterion of the square of the polygon of overlapping of 

helical axes projections onto the parallel planes passing through the helical axes in a helical 

pair. The set of helical pairs will be subdivided into three subsets according to the following 

rules:  

1. Subset {A} involves the helical pairs not having crossing projections; 

2. Subset {B} involves the helical pairs having crossing projections except for the helical 

pairs where the overlapping polygon contains the cross point of the helical axes projection; 

3. Subset {C} involves the helical pairs for which the overlapping polygon contains the 

cross point of the helical axes projection. 

 

 
 

Fig. 4. Overlapping of helical cylinders projections of a helical pair. The polygon of overlapping of 

helical projections for the helical pair shown in Figure 2 (PDB ID 3A0B, fragment coordinates: 1000–

1037). 

 

The square of the polygon of overlapping of helical projections depends not only on 

geometry, but also on the cylinder diameter. Besides, the cylinder diameter is determined not 

only by the type of a helix but also by the value of the mean size of the side chain DR. The 

generally accepted value is DR = 3.6 Å. Figure 4 illustrates the polygon of overlapping of the 

helical projections for the helical pair shown in Figure 2. The widths of the rectangles which 

are projections of relevant axes are equal to the diameters of the helices which are determined 

by their type plus double value of DR. In this case both the helices are α-helices with diameter 
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4.6 Å. Hence, the width of the rectangles is 11.8 Å. The overlapping polygon is indicated with 

colour, its square S and perimeter P are given. The point where the projections of the helical 

axes cross is marked. The figure also presents the value of the interplane distance d.  

The boundary between the subsets {A} and {B} is conditional and determined within the 

accuracy of DR value. When the value of DR is small, elements from the subset {B} will pass 

into the subset {A}. The reverse is also true. The value of DR has character averaged over all 

the aminoacid residues, it is rather approximate. Figure 4 presents the value of the interplane 

distance d = 9.96 Å, it is far less than 11.8 Å, that should have been for two α-helices in 

contact with regard to the mean size of the side chain DR = 3.6 Å. However, for definiteness 

we performed our calculations just with the use of this conventional value of DR.  

CALCULATION DETAILS 

For further analysis, we need point models of the helical pairs and the squares of the 

helical pair projections onto the parallel planes passing through the helical axes. In this 

section we describe how we found them.  

The protein structures were taken from the Protein Data Bank (PDB). The secondary 

structures of animoacid chains were analyzed by the method developed by the authors of the 

Dictionary for Secondary Structure of Protein [23]. This method is widely used, besides the 

program (based on this method) which processes PDB-files and outputs a file with the 

secondary structure is publicly available. First of all, we were interested in the availability of 

such elements of the secondary structure as helices. The DSSP program distinguishes between 

three types of helices. The first type, designated by letter H, is α-helix, the second type, 

designated by letter G, is 310-helix, the third type, designated by letter I, is π-helix. The output 

files of the DSSP program were processed with a view to find the origins and ends of 

continuous fragments encoded as helices. If a PDB-structure contained a protein in which 

there were not more than one helix, it was discarded. The structures formed of two 

neighboring helices of different types bound by a zero-length connection were discarded too. 

Hence we selected only the structures formed of helical pairs. The data on the number of such 

structures are given in Table 1.  

 
Table 1. Data – the number of protein molecules processed and the number of different-type 

helical pairs found 

Number of 

processed 

protein structures 

from PDB  

Number of 

processed 

aminoacid residues  

Number of 

processed 

aminoacid chains  

Number of 

helices of H 

type 

Number 

of helices 

of G type 

Number 

of helices 

of I type 

100397 66546491 384666 1952658 750605 2908 

 

The table suggests that the helices of H type prevail (72.16 %). Helices of G type account 

for 27.73 % of the total number of helical pairs. Helices of I type account for 0.1 % of the 

total number of helical pairs. 

After all the helices in an aminoacid chain had been found, helical pairs were composed 

from neighboring helices. For example, if an aminoacid chain contains N helices, the number 

of helical pairs in it is N – 1. If we write hi for a helix of any type inside a chain, then the 

helical pairs can be described as ),( 1ii hh , where i varies from 1 to N – 1. 

When the helical pairs are identified, we should find the helical axes. To do so we use the 

method which is widely used in molecular calculations. We know the type of the helix, the 

number of aminoacids nh, therefore we can construct the coordinates of an ideal helix in a 

convenient coordinate system. An ideal helix is determined by three parameters: angular 
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increment 
h , linear step hz  and radius hr . If we choose the axis of an ideal helix to lie along 

axis z, then the coordinates of Cα-atoms will be expressed in terms of the ideal helix 

parameters as:  

cos( ( 1)),

sin( ( 1)),

( 1), 1: .

i h h

i h h

i h h

x r i

y r i

z z i i n

  

  

   

 

We also know the actual coordinates of Cα-atoms of the helices of a helical pair. To 

superimpose the actual and ideal coordinates let us use the algorithm proposed in 

papers [24, 25]. The algorithm is based on singular expansion of a covariance matrix of ideal 

and actual coordinates. It enables us to calculate the rotation matrix and the translation vector 

of the ideal coordinates in such a way that they should best coincide with the actual 

coordinates. The quality of coincidence is estimated through the value of RMSD, which is a 

square root of the mean square of the coordinates deviation. The rotation matrix and the 

translation vector are chosen from the condition that the value of RMSD be minimum. 

Table 2 lists the values of the papameters of ideal helices for their different types and the 

mean estimates of RMSD which we obtained when approximated actual helices by ideal ones.  

 
Table 2. Parameters of ideal helices of different types and statistical estimates of the RMSD 

value distribution obtained as a result of approximation of actual helices by ideal ones (h – 

conformation angle of an ideal helix, zh – step of an ideal helix, rh – radius of an ideal helix) 

parameters H-helix G-helix I-helix 

h, degrees 100.00 120.00 81.82 

zh, Å 5.40 6.00 4.80 

rh, Å 2.30 1.90 2.80 

mode RMSD 0.20 0.05 1.98 

median RMSD 0.31 0.13 2.00 

mean RMSD 0.40 0.20 2.10 

 

As is seen, the radius of an ideal α-helix rhH is equal to 2.3, the radius of an ideal G-helix 

rhG is equal to 1.9. Analyzing the data of Table 2 it is easy to see that for H and G types, 

approximation by ideal helices is highly satisfactory; the mean RMSD is less than the 

contemporary resolution in crystallography. However, for I type, the quality of approximation 

is not high.  

Now let us discuss how we calculate the polygon of overlapping of helical projections 

onto the parallel planes passing through the helical axes. To find the helical axes we act upon 

an ideal axis which originates at the coordinate origin and ends at point nhzh of z-axis by a 

rotation matrix and a translation vector. When both the axes are found, we project the second 

axis onto the plane where the first axis lies. The first axis together with the projection of the 

second axis uniquely determine the first plane. We build a normal to this plane and calculate a 

rotation matrix which unites the first plane and the plane xy. After rotation, both the helical 

axes represent segments on a plane. We reveal whether these segments intersect. Then we 

make projections of the helices onto the planes which are rectangles whose heights are equal 

to the axes lengths, and the widths are equal to double value of rh + DR. Then we reveal 

whether these rectangles overlap. If they do, we find the polygon of their overlapping. This 

problem is solved with the use of MatGeom package [26], like the other problems discussed 

above. When the overlapping polygon is found, we calculate its square and perimeter. Hence, 

for each helical pair, we reveal two things: first – whether there is a point of crossing axes 
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projections; second – whether the helical projections intersect. In addition we calculate the 

square and perimeter of the overlapping polygon of helical projections, if one exists. Relying 

on this information we assign a helical pair to one of the subsets {A}, {B} or {C} by the 

above rules. Table 3 lists the number of helical pairs of different types in the subsets {A}, {B} 

and {C}. On the whole there are 6 types of helical pairs: HH, GG, II, HG, HI, GI. If the name 

of a type consists of two similar letters, the helical pair of this type is formed by two helices 

of the same type. For example, the helical pair of HH-type consists of two H-helices. If a 

helical pair consists of helices of different types its name contains the latters of the types from 

which it consists. For example, HG is a helical pair containing one helix of H-type and the 

other helix of G-type. The data are symmetrized, i.e. if a helical pair consists of helices of 

different types we do not differentiate between the pairs where the sequence orders of the 

helices are different For example, the helical pairs HG and GH belong to HG-type. 

 
Table 3. Number of different-type helical pairs in the subsets of helical pairs 

Subsets of 

helical pairs 

Types of helical pairs 
Number of 

elements in 

the subset HH HG GG HI GI II 

{A} 402912 441055 125766 1588 643 0 971964 

{B} 570830 349024 45513 1677 244 1 967289 

{C} 234000 31719 1598 26 9 0 267352 

Total 

number of 

helical pairs 

per type 

1207742 821798 172877 3291 896 1 2206605 

 

Analyzing the data in the table we can notice some peculiarities. The total number of the 

helical pairs in the subset {A} is equal to the number of elements in the subset {B}, each 

contributing 44% to the total number of the helical pairs. The rest 12% are elements of the 

subset {C}. This means that most of helical pairs in aminoacid chains (56 %) have crossing 

projections.  

As for the subdivision by the types of the helices, it should be noted that though H-helices 

prevail (72 %), helical pairs of HH-type account for as little as 54.7 % of the total number of 

helical pairs. Helical pairs involving G helices account for 45 %, less than 0.2 % are the pairs 

involving I helices. 

One more peculiarity can be pointed out: in the subset {A} where the helical pairs do not 

have crossing projections, most of the pairs (45 %) belong to HG-type. In the subset {B}, HH-

pairs are predominant (59 %). In the subset {C}, helical pairs of HH type are vastly 

predominant (87.5 %). It may be said that HH type helices are more prone to internal 

interaction, than the rest of the pairs. However, to relate crossing of the helical projections to 

propensity for internal interaction we should analyze the distributions of the distances 

between the helices in a pair. This will be done in the following section.  

HISTOGRAMS OF THE HELICAL PAIRS DISTRIBUTION DEPENDING ON THE 

INTERHELICAL DISTANCES  

In this section we will present the histograms of the distribution of different-type helical 

pairs depending on the distances between the helices as well as statistical estimates of 

different distances. A substantial amount of data obtained as a result of processing the PDB 

structures provides sufficient reliability of the results. For the helical pairs belonging to a 

particular subset and type, we get three sets of distances: minimum distance r, interplane 



TIKHONOV et al. 

t26 

Mathematical Biology and Bioinformatics. 2019. V. 14. № S. doi: 10.17537/2019.14.t18 

distance d and the leg length 22 drl  . For these sets, we construct histograms. Besides, 

we estimate the ratio r/d. 

All the histograms presented in this section were calculated with uniform spacing along 

any distance, which varied depending on the distance type. Everywhere, we calculated the 

number of helical pairs Nhh which fall into this distance interval. 

The only exclusion was the distribution for the ratio r/d. For this value the step was 

chosen in a logarithmic scale in view of prominent peculiarities of this distribution near zero. 

Besides, the distribution of r/d was normalized so that to estimate the probability density.  

We will start with the simplest case when the helical pairs have crossing axes projections 

onto the plane. These helical pairs belong to the subset {C}. Figures 2 and 4 illustrate a 

helical pair of just this type.  

Figure 5 demonstrates a histogram of the distribution of the helical pairs belonging to the 

subset {С} depending on the interplane distance d (in this case the interplane distance d is 

equal to the minimum distance r). This is the only histogram that describes the helical pairs 

from this subset, because the leg is equal to zero, and, accordingly, the ratio r/d = 1. 

It is evident from Figure 5 that the histogram has a pronounced maximum in the 

neighborhood of 10 Å and a subordinate maximum in the region of smaller distances for HH 

helical pairs. Up to 7 Å there are no helical pairs which are due to sterical limitations for the 

helical pairs from this subset. For the helices of all the types, the histograms have non-zero 

values up to 30–35 Å. The helical pairs of HG and GG types do not have a pronounced peak 

in the vicinity of 10 Å. They are multimode distributions. It is difficult to correlate the 

ordinates of their local peaks with the helical radii. Indeed, bearing in mind that the sum of 

the radii of HG helices is equal to 4.2 Å, we should have expected that the maximum of the 

histogram for HG helical pairs would shift towards smaller values as compared to HH pairs 

where the sum of the radii is greater by 0.4 Å. However, this is not the case. For helices of 

GG type, the picture is complicated by lack of statistics, since as was mentioned above, 

helices of this type account for as little as nearly 0.6 % of the total number of the helical pairs 

belonging to the subset {C}. 

 

 
 

Fig. 5. Histohram of the distribution of the helical pairs belonging to the subset {C}, depending on the 

interplane distance d (in this case the interplane distance d is equal to the minimum one r). 

 

Table 4 lists statistical estimates of d and r distributions for different-type helical pairs 

belonging to different subsets. Analyzing the data on the subset {C}, we can easily see that 

the modes (maxima) of the distributions and the mean values of the distances do not 
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demonstrate the qualitative behavior that could be expected relying on the sum of the radii of 

different-type helices. However it should be noted that for all the three types of helical pairs 

the distributions are sufficiently well localized since the root-mean-square deviation from the 

mean distances is less than half the mean distances per se.  

 
Table 4. Statistical estimates of the distributions of interplane d and minimum r distances for 

helical pairs of different types belonging to different subsets 

Statistical 

estimates 
d_HH d_HG d_GG r_HH r_HG r_GG 

mode {A} 0.88 0.41 0.41 11.88 10.56 8.86 

median {A} 5.55 6.71 8.14 14.78 15.72 19.20 

mean {A} 7.68 8.74 10.42 15.79 17.46 20.39 

rms deviation {A} 7.32 7.83 8.53 8.35 9.15 9.80 

mode {B} 8.10 0.23 4.40 9.20 8.47 5.11 

median {B} 7.76 6.64 5.63 9.20 8.66 8.23 

mean {B} 8.02 7.57 7.98 10.07 9.80 10.17 

rms deviation {B} 5.71 6.13 7.22 4.77 5.12 6.26 

mode {C} 9.82 13.20 25.68 9.82 13.20 25.68 

median {C} 9.78 10.83 10.34 9.78 10.83 10.34 

mean {C} 10.68 12.11 12.49 10.68 12.11 12.49 

rms deviation {C} 3.66 4.84 6.59 3.66 4.84 6.59 

 

Using the data of Table 4 on the mean values of the distances we can try to re-estimate the 

conventional value of the mean size of side groups DR. The quantity DR can be related with 

the mean distance by the simple formulae:  

.2/_

,2/2/2/_

,2/_

hGGG

hGhHHG

hHHH

rGGdDR

rrНGdDR

rННdDR







 

When we substitute the values from Tables 2 and 4 into these formulae we will get three 

DR values for helical pairs of different types: DRHH = 3.04 Å, DRHG = 3.95 Å and 

DRGG = 4.35 Å. The conventional value of DRHH = 3.6 Å turns out to be overestimated for 

HH pairs and underestimated for HG and GG pairs. 

Figure 6 illustrates histograms of the distribution of helical pairs of all the types belonging 

to the subsets {A} and {B} depending on the interplane (left column) and minimum (right 

column) distances. It is evident that for the helical pairs from {A}, the curve of the 

distribution as a function of the interplane distance is a monotone function which resembles 

the exponential one. This is the case for the helical pairs of all the types. For the helical pairs 

from the subset {B}, the function has a local maximum in the vicinity of 10 Å. Notice, that for 

HH-pairs, this maximum is the maximum for the whole distribution. For the other types, this 

maximum is local. Thus, for GH pairs, the local maximum is the vicinity of 10 Å is preserved, 

for the pairs of GG type, it is not. As for the long-range behavior of the interplane distance 

distribution, it is approximately equal for the pairs from {A} and {B}, in both the cases the 

distribution extends to the value of 35–40 Å.  

The right column in Figure 6 is the distribution of the helical pairs belonging to the 

subsets {A} and {B} depending on the minimum distance between the helical axes. Here we 
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also observe pronounced differences in the behavior of the distributions. As distinct from the 

left column, the distribution curve starts not at zero, but at a certain value which is determined 

by a minimum radius to which the axes of two helices can approach one another. It is 

approximately equal to 2 Å in both the cases and is related to the radius of van der Waals 

interaction of the atoms in the helices. The distribution of the helical pairs from the subset 

{A} depending on the minimum distance is rather a wide asymmetric distribution resembling 

gamma-distribution. The long-range behavior is considerable; the distribution extends beyond 

45–50 Å. 

 

 
Fig. 6. Histograms of the distribution of helical pairs of different types belonging to the subsets {A} and 

{B} depending on the interplane distance (left column) and minimum distance (right column).  

 

The main parameters of the histograms shown in Figure 6 are presented in Table 4. The 

data of the table, on the whole, confirm the conclusions made in comparing the distribution 

histograms. It can only be noted that the estimates of the mean values of the interplane 

distances are close in value to the dispersion of the helical pairs from the subset {A}, at the 

same time, for the minimum distances, the dispersion, on the average, is half the mean. For 

the pairs from the subset {B}, the dispersion of the minimum distances as well as the the 

interplane ones is always less than the mean values of the distances. As for comparison of the 

mean minimum distances, for the pairs from {A}, they are 1.5 to 2 times greater than for the 

helical pairs belonging to the subset {B}. 

Coming back to comparison of the histograms in Figure 6, we can make one important 

conclusion: there is a qualitative difference between the interplane distance histograms, since 

for the helical pairs not having crossing projections (subset {A}), the distribution has 

monotone character, as distinct from the helical pairs having crossing projections (subset 

{B}). As for the minimum distances, we cannot see any qualitative differences between the 

histograms, unless some quantitative differences associated with long-range behavior.  

Now let us consider derivatives from the minimum and interplane distances: the value of 

the leg which characterizes the distance between the helical projections on the plane, and the 

logarithm of the probability density for a ratio between the minimum and interplane distances.  
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Table 5. Statistical estimates of the distribution of r/d and 2 2l r d  values for different 

helical pairs belonging to the subsets {A} and {B} 

Statistical estimates r/d_HH r/d_HG r/d_GG l_HH l_HG l_GG 

mode {A} 1.17 1.20 1.17 7.94 8.28 8.27 

median {A} 2.36 2.19 2.04 11.43 11.92 14.41 

mean {A} 15.32 22.38 32.36 12.68 13.88 16.06 

rms deviation {A} 519.44 3869.94 7241.39 6.76 7.63 8.52 

mode {B} 1.00 1.00 1.00 4.26 4.22 3.84 

median {B} 1.16 1.22 1.23 4.36 4.51 4.51 

mean {B} 6.72 11.02 5.75 4.51 4.64 4.67 

rms deviation {B} 718.61 1360.74 131.78 2.62 2.39 2.24 

 

 

Fig. 7. Histogram of the distribution of helical pairs of all the types depending on the leg 2 2l r d   

(on the left) and the logarithm of the probability of r/d ratio, calculated for each helical pair from the 

subsets {A} and {B} (on the right). 

 

Figure 7 (on the left) presents histograms of the distribution of different-type helical pairs 

from the subsets {A} (top figure) and {B} (bottom figure) depending on the leg. Comparing 

these two figures we observe some fundamental differences. The first one is that for the pairs 

from {B}, the leg has a lot of near-zero values, as distinct from the pairs from {A} whose 

histogram has a zero value at the coordinate origin. The second difference is that for the pairs 

from {A}, the histogram is a wide asymmetric distribution which resembles the distribution of 

the pairs depending on the minimum distance for the same set (see Fig. 6). On the contrary, 

the histogram of the distribution of the pairs from {B} depending on the leg is defined within 

a limited range of leg values, the leg maxima being different for different types of helices. 
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These maximum values are equal to 11.77 Å, 11.37 Å and 10.95 Å for HH, HG and GG 

types, respectively. These values are pretty close to the theoretical maximum values 11.8 Å, 

11.4 Å and 11 Å, obtained on the assumption that the maximum value of the log is equal to 

the minimum distance to which two helices can approach one another if their axes are 

parallel. If the leg value turns out to be larger, a helical pair no longer has crossing projections 

and therefore belongs to the subset {B}. Table 5 lists the main parameters of the histograms 

presented in Figure 7. Comparing the mean values and dispersions for the leg of the helical 

pairs from {A} with the mean values of the minimum distance for the same subset we can 

conclude that the leg distribution demonstrates a more short-range behavior. This distribution 

resembles qualitatively the distribution of the pairs depending on the minimum distance, both 

the distributions have the character of gamma distribution. In what follows we will test this 

assumption.  

Now let us analyze the algorithm of the probability density for the ratios between the 

minimum and interplane distance. Figure 7 (on the right) demonstrates these ratio algorithms 

for helical pairs of different types belonging to different subsets. The logarithms of the 

probability density are presented as functions of the r/d ratio logarithm. For helical pairs 

belonging to different subsets, the probability densities differ greatly only near zero value of 

log(r/d), therefore the abscissa of the graphs is chosen in a logarithmic scale. For the pairs 

from {A}, the fundamental peculiarity of the probability density is its nonmonotone character. 

For the pairs from {B}, the probability density is a monotone decreasing function. Table 5 

lists the main characteristics of the distributions. Maximum of the probability density (mode 

value) for the pairs from {A} is observed for the ratio r/d = 1.17. Since the abscissa scale is 

logarithmic, we cannot say anything about the asymptotes of the probability density. In what 

follows we will show that this asymptotes is proportional to 2( / ) 1/ ( / )P r d r d  for all the 

helical pairs regardless of the subset they belong to. Just this fact does not enable us to 

calculate the mean, since its value logarithmically diverges as the sample size grows. Table 6 

lists the estimates of the mean values for a finite sample and the estimates of their dispersion. 

Great values of the dispersion, as compared to the mean ones suggest the fact of divergence.  

In the next section we will analyze the distance distribution histograms in greater detail; in 

particular we will test our assumption that the histograms of the minimum distance 

distributions can be described by gamma distribution formula. We will prove that this formula 

also describes the log distribution for the helical pairs from the subset {A}. We will analyze 

the distribution of the interplane distances and r/d ratios. We will propose a model of a 

random geometry of a helical pair which on the whole describes the distribution of r/d, 

especially the asymptotic behavior of this distribution. Finally, we will analyze the main 

peculiarities of r/d distribution for the helical pairs found experimentally with the use of a 

random geometry model.  

REGRESSION ANALYSIS OF THE HISTOGRAMS OF THE HELICAL PAIR 

DISTRIBUTION DEPENDING ON THE INTERHELICAL DISTANCE  

Now let us turn our attention from the histograms which were considered individually for 

helical pairs of each type to the probability density averaged over all the helical pairs. For this 

purpose it is sufficient to sum up all the histograms for helical pairs of different types and 

normalize this sum. On the whole we deal with for probability densities denoted as: Pd, Pr, Pl 

and P. The subscripts stand for the distance: interplane d, minimum r and lag l. The 

probability density without a subscript refers to the r/d ratio. 

We will be interested in the asymptotic behavior of the probability density. As already 

mentioned, we assume that all the three probability densities are best described by gamma 

distribution formula. For this reason we will seek the asymptotes of the probability density as 

exp( )nx sx , where n is a whole number, and s < 0. As for the choice of the power n, we have 

the following physical grounds: the minimum distance is associated with a vector in a 3D 
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space, therefore it implies the isotropic multiplier 4πr
2
dr in calculating the probability density. 

At the same time the interplane distance and the leg are associated with vectors on a plane. 

For a leg, obviously, this is merely a projection of the minimum distance on a plane where 

helical projections intersect. For the interplane distance, this is not so obvious. But if we 

introduce a plane orthogonal to the plane of crossing projections and a leg, then the situation 

is clear too. The isotropic multiplier for a vector on a plane is 2πrdr. Therefore it is 

appropriate to seek the asymptotes for the minimum distance as 2 exp( )x sx , and that for the 

leg and interplane distance as exp( )x sx . 

Let us start with analyzing the probability densities of the distances for the helical pairs 

whose projections do not cross. Since we assume that the probability densities exponentially 

coincide with the distance, let us make a regression analysis of their logarithms.  

Figure 8 presents: logarithm of the probability density of the interplane distance divided 

by the distance Pd/d; logarithm of the probability density of the minimum distance divided by 

the squared distance Pr/r
2
; logarithm of the probability density of the leg divided by the 

distance Pl/l. The figure also demonstrates the right lines of the linear regression constructed 

by the method of robust estimation of linear regression parameters [26]. Based on the general 

form of the graphs we chose the intervals on which the probability logarithm linearly 

coincides with the distance.  

All the three linear dependencies were estimated for the data on the interval 15–60 Å. The 

linear regression coefficients are presented in the figure. We note a reasonably good 

agreement between the probability logarithms and the regression curve except fot the region 

up to 10–12 Å. Besides, it should be noted that the coefficients s per se turn out to be close in 

value for all the distances. The latter tells that our assumption of the isotropy of the distance 

vectors is a good approximation in the case of the helical pairs from {A}. 
 

 
Fig. 8. Regression analysis of the probability to find a particular interplane, or minimum distance, or a leg 

for the helical pairs from {A}. 

 

It is interesting to compare the asymptotic behavior of the probability densities for the 

helical pairs from the subsets {B} and {C}. For the pairs belonging to these subsets, we 

analyze only the interplane and minimum distances, since the leg in the case of {B} is limited 

by the maximum value, while in the case of {C} it is equal to zero.  
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Figure 9 presents the results of regression analysis for the pairs from the subsets {B} and 

{C}. All the calculations were carried out in the same was as for the data presented in 

Figure 7, with the difference that linear dependencies were analyzed on the interval 15–45 Å 

for the pairs from {B} and 25–35 Å for the pairs from {C}. Comparing the regression 

coefficients s we note that they are different for different distances. This suggests that the 

distributions of the distances for the pairs which have crossing projections are non-isotropic. 

Besides, the values of the regression coefficients are greater in modulus than those for the 

pairs from {A}. This means that the pairs having crossing projections are more compact.  

It could also be said that the analysis of the distances for the helical pairs which do not 

have crossing projections reflects only the mean distribution of the sizes of a folded 

aminoacid chain, while for the pairs having crossing projections, the distances belong just to 

the description of the helices arrangement relative to one another. In other words, the 

availability of crossing projections causes their coordination closeness. This fact is a priori 

not obvious. 

 

 
 

Fig. 9. Regression analysis of the probability to find a particular interplane, or minimum distance, or a leg 

for the helical pairs from {B} and {C}. 

We can see that the criterion of crossing projections per se enables us to subdivide the 

helices into two subsets. In one of them, a helical pair does not differ from the other 

fragments of an amonoacid chain with regard to the distances between these fragments. The 

other subset involves compactly arranged helical pairs. In order to get away from the 

influence of particular sizes of folded aminoacid sequences on the results, we will investigate 

the distribution of the ratios between the minimum distance in a helical pair and the interplane 

one. The general form of such distributions is shown in Figure 7. We have noted that these 

distributions have a long-range asymptotes which leads to a divergence of the mean values. 

Besides, for the pairs which have and do not have crossing projections, differences in the 

distributions are observed only in a small neighborhood of zero point for the value of log(r/d). 

Closeness of the distributions suggests that their properties are only slightly related to the fact 

that the data for them were obtained by analyzing the protein molecule geometry. A model of 
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random geometry of a helical pair is proposed as a reference for comparison. Let us consider 

some details of the algorithm of random geometry generation for a four-point model of a 

helical pair.  

Let us choose three conjugated segments [A1, A2], [A2, B1] and [B1, B2] (see Fig. 3). The 

lengths of the segments l1, l2, l3 are chosen from a random uniform distribution on the interval 

from zero to a certain maximum value L. Let us also choose two random vectors 
1
ξ  and 

2
ξ  in 

a three-dimensional space with unit modules. Let us place the second segment along the x-

axis. Then the coordinates of the point model are obtained from the following formulae:  

 

 
2

1 2

0,0,0 ,

,0,0 ,

B

A l
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1 2 1 1
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Having calculated the minimum and interplane distances between the first [A1, A2] and the 

third [B1, B2] segments and accumulated statistics for the ratio between these distances, we get 

a desired histogram for the model of random geometry of helical pairs. We chose different 

values of L. Calculations demonstrate that the histogram is independent of L, starting with a 

certain value.  

 

 
Fig. 10. Regression analysis of the probability of the r/d ratio for the helical pairs from the subsets {A} 

and {B} in comparison with a union of these subsets and a random distribution.  

 

Let us make a regression analysis of the probability of log(r/d) for the helical pairs in 

comparison with the random model. In calculating the probability we do not distinguish 

between the types of helical pairs. In Figure 7 (right column) these data are presented for the 

pairs from the subsets {A} and {B}. It is evident from the figure that the type of a helical pair 

has practically no influence on the character of the probability distribution. In addition to 

summation over all the types of helical pairs, we will expand the comparison to include the 

probability of log(r/d) calculated for the union of the subsets {A} and {B}. The asymptotic 

part of the probability logarithm as a function of the distance ratio logarithm was 
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approximated by the linear dependence by the method [27]. The data for the regression were 

chosen in the range of 0.5 < log(r/d) < 5. Parameter L for the random geometry of a helical 

pair was equal to 30 Å. For other values of L, the distribution does not change.  

Figure 10 illustrates a logarithm of the probability to find a ratio between the minimum 

distance and the interplane one calculated for each helical pair. The probability logarithm is 

presented as a function of the logarithm of this ratio. In this scaling the probability 

asymptotics is a linear function. We present the probabilities per se and their linear 

approximations for four cases. The top graphs – the probability for the helical pairs belonging 

to the subsets {A} and {B}, the bottom graphs – the probability for all the helical pairs 

irrelevant of the subsets they belong to (left graph), and the probability calculated for random 

geometry (right graph). The medians of the distributions on the graphs are marked. The values 

of the linear regression parameters are presented.  

It can be seen that the bottom graphs in Figure 10 are essentially identical which suggests 

that in terms of log(r/d) distribution the point geometry of helical pairs does not differ from 

the random one. This conclusion is confirmed by the proximity of median values which are 

equal to 1.6 for all the helical pairs from {A}U{B} and 1.43 for the helical pairs with random 

geometry. At the same time, for the helical pairs from the subsets {A} and {B}, the medians 

of these distributions show discrepancies of almost a factor of 2 (2.4 for {A} and 1.18 for 

{B}). 

The asymptotic behavior is the same in all the cases, adjusted for the regression error, the 

probability of r/d ratio is proportional to the value of (d/r)
2
 for r/d > 1.6. 

CONCLUSIONS 

Using a point model of helical pairs we selected a set of protein molecule structures to be 

investigated. The set was selected from the Protein Data Bank with the use of special rules 

and subdivided into three subsets according to the criterion of crossing helix projections on 

the parallel planes passing through the axes of the helices. We analyzed the statistical 

properties of different distances between neighboring helices in protein chains.  

It is shown that, for the helical pairs not having crossing projections, the distance 

distributions have more long-range character than for those, whose projections cross.  

Using regression analysis we investigated the character of distributions, in particular we 

demonstrated that in the subset which does not have crossing projections, the distributions of 

different distances between the helical axes are gamma distributions.  

Having compared the distribution for the ratios between the minimum distance and the 

interplane one with the distribution for generated random pairs we showed that, on the whole, 

all the helical pairs are little different from the random ones. However, for the pairs having 

crossing projections, the distribution has greater values for small r/d as compared to random 

distribution. On the contrary, the distribution in the subset of the pairs not having crossing 

projections has a considerable dip of the probability in the region of small ratios between the 

minimum and interplane distances.  

A conclusion is substantiated that the helical pairs having crossing projections are 

additionally stabilized due to internal interactions. Not only α-helices but also HG helices 

form super-secondary structures. A criterion of the fact that a motif under investigation is a 

super-secondary structure is a coordination of cylinders of helices in contact. It turned out that 

such coordination is achieved when the projections on the plane of cylinder axes intersect, 

which is not obvious. In percentage terms, more than half of the helical pairs found satisfy 

this condition.  

The mean size of the side chain DR for HG and GG helical pairs, calculated on the basis 

of cylinders arrangement, turns out to be greater than the conventional value (3.6 Å). For the 

helical pairs formed of two α-helices, the mean size of a side chain is less than the 

conventional value.  
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