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Abstract. The development of experimental techniques, in particular the emergence
of the X-ray free-electron lasers, allows one to register the scattering from an isolated
particle and, thereby, opens a door to the study of a fine three-dimensional structure
of non-crystalline biological objects by X-ray diffraction methods. The possibility to
measure non-Bragg reflections makes experimental data mutually dependent and
essentially simplifies the structure solution. The sampling of experimental scattering
data to a sufficiently fine grid makes the structure determination equivalent to
phasing of structure factor magnitudes for a 'virtual' crystal with extremely large
solvent content. This makes density modification phasing methods especially
powerful supposing the object envelope is known. At the same time, such methods
may be sensitive to the accuracy of the predefined envelope and completeness of
experimental data and may suffer from non-uniqueness of the solution of the phase
problem. The mask-based approach is a preliminary phasing method that performs
random search for connected object envelopes possessing of the structure factor
magnitudes close to the values observed in X-ray experiment. The alignment and
averaging of the phase sets corresponding to selected putative envelopes produce an
approximate solution of the phase problem. Beside the estimation of unknown phase
values this approach allows one to estimate the values of structure factor magnitudes
lost in the experiment, e.g. those corresponding to beam-stop shade zone or to
oversaturated reflections.

Key words: biological macromolecules, single-particles, X-ray scattering, X-ray free
electron lasers, phase problem, magnitude retrieval, effective resolution.

1. INTRODUCTION

It exists a popular belief that if one wants to know the structure of a biological
macromolecule, then the only problem is to prepare its crystal. People engaged in computing
methods do their best to support this statement, developing more and more powerful and user-
friendly programs for structure solution [1-6]. However, this does not eliminate the need for
crystal preparation. Another permanent problem is the resolution limit of the collected data that
again relates to the quality of the prepared crystals. In the last decade, the development of the
X-ray experiment, in particular, the commissioning of X-ray free-electron lasers, has opened
the door for approaches that would possibly allow to overcome these difficulties and determine
three-dimensional structures of non-crystallized objects [7—12]. In this paper we touch upon
one of the problems that arise, namely, solving the structure, under the assumption that the
experimental data has been collected. The main content of this article was presented at the 32"
European Crystallographic Meeting in Vienna, Austria, August 18-23, 2019 [13].

2. X-RAY DIFFRACTION EXPERIMENT

Two following sections present the basic information about the X-ray diffraction
experiment and properties of the diffraction pattern. More details can be found in [14]. In the
routine diffraction experiment, both with a crystal or an isolated particle, the sample is exposed
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to a primary X-ray beam and the energies of the new X-ray beams (electromagnetic waves)
scattered in different directions are registered by some detector. The kinematic theory of
diffraction describes the scattered waves as the superposition of the secondary spherical waves
emitted by the oscillating electrons that were excited by the primary wave. These diffracted
waves are traditionally called reflections. This term was inspired by the study of crystal samples
in which the diffracted waves were interpreted as the result of the primary wave reflection in
the “crystal planes” according to the geometrical optics. In the framework of the kinematic
diffraction theory, the result of an experiment is determined by the electron distribution within
a sample described by the density distribution function p(r),re R®, and the measured energy

IS
E(6,.0)=¢E, ‘F(s)‘z . (1)

Here 6, and o are unit length vectors that specify the directions of the propagation of the

primary and scattered waves, E; is the energy of the primary wave, the constant ¢ is the

combination of physical constants and parameters of the experiment that do not depend on the
sample structure. The vector s is defined as

5= , 2

where A is the wavelength of the primary wave. This vector is referred to as scattering vector
and plays a significant role in the theory of diffraction. We call the reciprocal space the three-
dimensional space formed by scattering vectors corresponding to different combinations of
directions 6, and ¢ . Potentially, the experiment allows one to record the diffracted waves

corresponding to the scattering vectors that fill the sphere |s| <2/X\ in the reciprocal space.

Nevertheless, in practice, the zone of observed reflections is much smaller; it depends on the
quality of the sample, the energy of the primary beam, the sensibility of the detector, etc.

The quantities ‘F(S)‘Z, referred to as intensities | (s) , are the squares of the magnitude of
the complex-valued Fourier transform of the electron density distribution

F(5)= [o(r)explizns rlav, , s<R?, ®

where the dot denotes the scalar (dot) product of two vectors. The values I (s) depend on the

structure of the sample only and may be obtained (in a relative scale) directly in the diffraction
experiment.

Under the routine experiment conditions the value ¢ is extremely small and can be estimated
as 1072%*. This makes the experimental recording of reflections very difficult. Until now, the
only way to obtain experimental values of the intensity of reflections was to prepare a sample
in the form of a single crystal. In this case, for a particular discrete set of scattering vectors
(Bragg reflections), the intensities of the scattered rays increase proportionally to the square of
the number of elementary cells in the crystal. At the same time, the use of the crystal leads to a
loss of information for all other reflections. The development of X-ray experiment technique
(in particular, the commissioning of X-ray free electrons lasers, XFEL [7-12]) has led to the
possibility of registration of the scattering by isolated (non-crystallized) objects, although for a
very limited zone |s|<'s_;, of the reciprocal space.

The case of a single particle may be converted to the standard crystallographic case, if we
assume that the particle is immersed into a virtual crystal unit cell V that is large enough for the

particle to fit into the cell, so that outside the cell the density p(r)=0. Let {a, b, c} be the
58
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basis of this cell. For simplicity, below we suppose that the unit cell is cubic with the edge a,
. Inside the cell, the distribution of the electron density may be represented as Fourier series

1
P(r)zﬁ
Here |V| is the unit cell volume and the Fourier coefficients (the structure factors) F, (S) are

nothing but the values of the Fourier transform (3). The set R’ of scattering vectors, along
which the summation in (4) is performed, is the grid in the reciprocal space formed by vectors
that satisfy the conditions

s-a=h,s-b=k,s-c=I, hk,| — integers, 5)

ZF\, (s)exp[-i2ms-r], reVv. (4)

seR’

i.e. have integer coordinates in the basis {a”, b", ¢*} that is conjugate to {a, b, c}. We call
corresponding reflections as Bragg reflections. The identity (4) is not valid for the points r that
lies outside V. We consider the electron density distribution p** (r) defined by the identity (4)

for all point r € R® as the virtual crystal. This distribution is periodic with the periods {a, b, c}
and coincides with p(r) in the cell V. The problem we are faced with is the standard problem

of biological crystallography, that is, to restore electron density in the unit cell of this virtual
crystal starting from the intensities of Bragg reflections, or, equivalently, from the magnitudes
|F(s)| of structure factors. This problem is a problem of the phasing of structure factors
corresponding to Bragg reflections, i.e. of the retrieval of the values of their phases ¢(s), which
are necessary to calculate the synthesis (4), but are lost in the diffraction experiment.
Similarly, if the continuous diffraction pattern 1(s), s € R® has been sampled to a regular

grid specified by {a*, b”, ¢} sampling steps, we can consider the intensities in the grid points
as ones corresponding to the Bragg reflections for the virtual crystal with the conjugate periods
{a, b, c} and the unit cell V. The fundamental difference from the standard crystallographic
situation is that, for a single particle, we have a considerable freedom in choosing the unit cell
size, or, what is the same, of the sampling step. It is only necessary to have the dimensions of
the cell large enough to contain the particle inside.

Once the phase values of the structural factors are somehow found they are used to
approximate the electron density distribution by formula (4). The result of this calculation is
usually referred to as the Fourier synthesis of the electron density. The concept of 'resolution’
is used as a characteristic of the completeness of the set of reflections included in the
calculation. In biological crystallography, the concept of resolution is initially introduced for
an individual reflection s as the period value of the corresponding Fourier harmonic
exp[—i2ns-r] in series (4) considered as the function on r. This period is equal to

1_ (6)
5 ~ 2sin0’

where 20 is the angle between the direction 6, of the primary beam and the direction ¢ of the

reflected beam, and A is the wavelength. It is customary to say that the data set has been
collected or the synthesis (4) was calculated with the resolution d ., if they include all

reflections with [s| <, =d.i, . the
resolution zone, and the set defined by s, <|s| <., the resolutions shell. The other concepts

of the resolution that accounts for the accuracy of phase values and visual properties of the
'topographical map' corresponding to the Fourier synthesis are considered as well [15-17].

We call below the set of reflections defined as [s|<'s

max
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3. ANALYTICAL PROPERTIES OF A SINGLE PARTICLE DIFFRACTION
PATTERN

A decrease in the sampling step increases the amount of observed data involved in the work.
However, this data may be highly dependent. If the virtual unit cell is large enough to contain

inside the support of the distributionp(r), i.e., all points where the density takes non-zero

values, then each Fourier transform value is the linear combination of the Bragg structure
factors

F(u)=>sinc(u-s)F(s),ueR?, (7

seR’

with the predefined (non-depending on the function p(r)) coefficients

_sinzh sinnk sinazl

(8)

sinc(ha’ +kb* +Ic*)

nh nk 7l
(In the last formula, we suppose the origin be placed in the center of the unit cell). Formula (7)
plays an important role in the theory of information and is usually associated with the names of
V. Kotelnikov, E. Whittaker, C. Shannon, and H. Nyquist, although the early mentions of it can
be found in the mathematical works of E. Borel [18, 19]. The perspectives of using this formula
in biological crystallography were discussed in the works of D. Sayre and G. Bricogne [20-22].
It follows from (7) that the functions F(s) and p(r) are fully defined by the values of structures

factors corresponding to the set of Bragg reflections related to the minimal virtual unit cell that
still contains the particle inside.

A similar formula is valid for the intensity function | (s):‘F(s)‘zon assumption that the

virtual unit cell is large enough to contain the support of the autocorrelation function defined
by

A(r)=p*p= [p(u)p(u-r)dv,, reR’. (©)

RS

Supposingsupp A(r) =V , we get
I(u)="> sinc(u-s)l(s),ueR®. (10)

seR’
A sufficient condition to have this formula valid is that the virtual cell dimensions are twice as
large as the particle size, or, what is the same, the sampling step is twice as small as the inverse
of the particle diameter. Such sampling step value is often referred to as the Nyquist limit.

It follows from (10) that the diffraction pattern I(s) is fully defined by the values of
intensities for the set of the Bragg reflections corresponding to the minimal possible choice of
the virtual unit cell that still contains the support of the autocorrelation function. This can create
the illusion that the sampling step below the Nyquist limit does not introduce new experimental
information. This is not the case in practice, since formulas (7) and (10) imply the summation
over an infinite set of reflections. In the case that the information for a part of the Bragg
reflections is missing or errors are present, the measurement of an additional non-Bragg
intensity leads to the equation linking unknown Bragg intensities [23].

The particular importance of the intermediate points is emphasized by the fundamental
mathematical result, namely, by the Schwartz's-Paley-Wiener theorem. This theorem states that
Fourier transform of a function localized in a finite domain is an entire holomorphic function.
The word 'entire’ means, in particular, that the Taylor series for the intensity function derived

at some point S, converges at any other point in the reciprocal space and, therefore, determines

the intensity at all points in the three-dimensional space. The coefficients of the expansion in
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the Taylor series are the partial derivatives of the intensity function. To calculate these
derivatives, it is sufficient to know the function in an arbitrarily small neighborhood of the point

S, only. Thus, we come to an amazing theoretical conclusion: it is enough to know all the
intensity values in a small limited three-dimensional area |s—s,| < & in order to restore all the

other values not being restricted by the experimental resolution limit. Unfortunately, the
described above extension procedure is not feasible in practice. Nevertheless, this theoretical
result makes reasonable the following task: knowing the values of intensities on a sufficiently
fine grid in a limited part of the reciprocal space, to extend these values into a higher resolution
zone. This task is not solved yet and presents a challenge for applied mathematics methods.

4. SOLVENT FLATTENING AND PROJECTION METHODS

In crystals of biomolecules, a significant part of the volume (50% on the average) is
occupied by a solvent. Similarly, in the single particle study, we call the part of the virtual cell
not occupied by the particle under study as the solvent region. The latitude in selecting of the
virtual cell dimensions allows one to increase significantly the solvent content. For example,
the doubling of the cell size as compared to the diameter of a spherical particle results in an
estimated solvent content of 93 %. The presence of a large amount of solvent in the virtual unit
cell suggests the use of the 'solvent flattening' method to solve the phase problem. This method
belongs to a wide class of the 'density modification' methods that have been developing in
biological crystallography since the early 70s [21, 22, 24-26]. The solvent flattening approach
[21, 27] (suggested independently in optics applications under the name “the phase retrieval
algorithm” [28]) can be described briefly as follows. Let’s suppose that we know what area of
the unit cell is occupied by the particle (molecule region) or its complement (solvent region).
One starts with some set of structure factor phases, combines them with the observed values of
the magnitudes, and calculates Fourier synthesis (4). The resulting synthesis does not satisfy
the requirement to be equal to zero in the solvent region. Therefore, its values in the solvent
area are set to zero. Now, the modified distribution is equal to zero in the solvent area, but has
wrong magnitudes of structure factors. Therefore, one takes only phases from it, combines them
with the observed values of magnitudes, and calculates Fourier synthesis again. This procedure
IS repeated iteratively. This method is a part of many crystallographic software systems.

From the mathematical point of view, this approach belongs to the class of projection
methods [29, 30] and can be described as follows. Let’s consider the configuration space of all
electron density distributions. Let’s select two classes of functions (manifolds). The first
manifold is the functions that vanish in the solvent region. The second manifold is the functions
possessing the values of the structure factor magnitudes equal to the observed ones. Our goal is
to find a point that belongs to both manifolds. The second manifold is nonlinear and non-
convex, and therefore, the two manifolds may not intersect or may have several intersection
points. Our iterative procedure consists in switches between these manifolds; the movement
each time occurs to the closest point at the alternative manifold. The transition from some point
to the closest one at the target manifold is called the projector. The convergence of this
procedure can be slow. To accelerate it, the following technique can be applied. After a point
has been projected to the manifold, the procedure does not stop; the point continues moving in
the same direction by the same step. It seems as if we come to the mirror image of the starting
point in this manifold. Such operations are called reflectors. Formally, the reflector is linked to
the projector by the equality R = 2P-I, where | is the identity operator. Using this equality we
can easily calculate the reflector that corresponds to the reduction of the solvent density to zero.
This is a well-known operation of the solvent density flip [31, 32]. This operator does not
change the density in the molecule region, but alternates the sign of the density in the solvent
region. Similarly, the reflector corresponding to the substitution of the calculated magnitudes
in Fourier synthesis by the observed ones is nothing but the calculation of the well-known
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(2F°bs - F°a'°,<p°a'°) combined Fourier synthesis. The use of reflectors can greatly accelerate

convergence, but makes the process less stable. To accelerate convergence while maintaining
stability, various combinations of these four operators with different weights can be used, which
leads to a wide variety of schemes called projection methods. A list of the popular schemes may
be found in [29]. We remind that all of them are combinations of four crystallographic
operations, namely, solvent density zeroing or flip, and (FObS,(pcalc) or (2F°bs - F°a'°,(p°a'°)

Fourier syntheses. These and some other schemes are implemented in the Hawk program [33],
which provides opportunities for the interactive control of schemes and parameters with visual
control of the iterations. Application of Hawk program leads to amazingly good results when
working with test data with the known answer. In this case, after a short training session, it is
possible to find combinations of parameters that lead to the correct result. The situation
becomes more complicated in the case of the imperfect data sets and unknown answer. This is
of particular importance when working at very low resolution, when there is no clear idea of
how the desired object should look like at this resolution.

Additional difficulties are introduced by the fundamental ambiguity of the solution of the
phase problem. An arbitrary shift of the found density distribution in the space or a transition
to the enantiomer (p(r)->p(-r)) leads to a distribution that has the same magnitudes of the
structure factors, but different phase values, i.e. to a new solution to the problem. Therefore,
the question arises as to what solution the iterative procedure converges. To exercise more
complete control, global search methods can be used as a preliminary analysis allowing for
more comprehensive-exploration of the configuration space of density distributions.

The solvent flattening approach supposes that the molecule region is known in advance.
This region is often refined iteratively by the filtering of the current noisy Fourier synthesis,
starting sometimes from a randomly phased one. A possible way of the filtering is the double-
step procedure developed in [27, 34-36]. At the first step, every point in the unit cell gets a
weight that reflects the confidence that this point belongs to the molecule region. In the simplest
mode, this weight is equal to one if the synthesis value at this point exceeds some cutoff and is
zero in the other case. In a more advanced mode, the weight value equal to one is assigned both
to the highest and lowest values of the synthesis. At the second step, the weight value is replaced
by the result of averaging of the weights in a vicinity of this point. The obtained smoothed
distribution is used then to build the molecule region as the region of specified volume
containing the points of maximal averaged weight.

5. MASK-BASED PHASING

The mask-based phasing procedure [37, 38] may be used for two goals. First, this is a
procedure of low-resolution phasing, which gives the values of the structure factor phases and
their reliability indexes. Second, it may be considered as a procedure for the ab initio search of
a connected molecule mask consistent with the observed data. The demand of the connectivity
of the mask has its own phasing power and enhances the phasing. The approach is based on the
random generation of a large number of connected masks of the molecule region. A mask is
considered acceptable if the structure factor magnitudes calculated from it are close to the
observed values. Acceptable masks are stored. The generation process continues until the
appointed number of acceptable masks (100 in out tests) is selected. The structure factor phases
corresponding to the selected masks are aligned and averaged. The found phases constitute the
output of the phasing step and may be used to calculate Fourier synthesis or to form the input
for a phase refinement step.

A mask is a binary function defined usually on some grid in the unit cell. We say that the
mask is connected if any two points of the mask can be connected by a path that passes from
neighbor to neighbor nodes inside the mask. Figure 1 illustrates the way of a random mask
generating. An important characteristic of the mask is its size. We specify the size of the mask
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by the specific volume, which is calculated as the volume of the mask region per one Dalton of
the molecular mass of the object under study. In the evaluation of solvent amount in the unit
cell, the specific volume of the molecule region is usually supposed to be 1.23 A3Da [39, 40].
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U A Ay A\ Ay
Fan FanY
Ay A\
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Fig. 1. The mask generating procedure. The random mask is built point by point. a) A seed point is taken
randomly. b) The boundary points (open circles) are shown for a partial mask. ¢) To extend the mask, one
of the boundary points is selected randomly (the red filled circle). The set of the boundary points is corrected
(red open circles).

To run this procedure, it is necessary to specify the criteria by which the acceptable masks
are selected. The simplest type of this criterion is the correlation-type criterion

Z Fobs (S) Fmask (S)
CM(dmax,dmin) z\/ - 2 ! (11)

> (F™ () Z(F™ ()

S S

-1
min *

where the summation extends over the reflections with d,., <|s|<d

max

A generated mask is

considered as acceptable if this value exceeds the specified level CM ™. More sophisticated
measures of the quality of the mask are possible as well, for example, the likelihood of the mask
[41, 42]. In the case of testing of a method using an object with the known structure, the true
phases are known, and the found phases can be compared with the true ones. A popular criterion
of phase similarity is the correlation coefficient of two electron density distributions calculated
with the same observed set of structure factor magnitudes, but with different phases [43]. This
Map Correlation Coefficient can be calculated, as well, in terms of structure factors as the
weighted sum of cosines of phase differences

Z(Fobs (S))2 CC)S((ptrue (S)_(pcalc (S))
CPlomac ) =~ , (12)

> (F(s))

S

where the calculation of the Fourier syntheses and summation extends to the reciprocal space
region d., <[s|<d, -

It should be kept in mind that, in view of the fundamental ambiguity of the phase problem
solution, in the course of random mask generation we may find acceptable masks that seem
differently, but become similar after a shift of the origin or the change of the enantiomer.
Therefore, before the averaging or formal calculation of the correlation, the sets of phases
should be aligned taking into account the trivial ambiguity group, which consists of all shifts
and the enantiomer change. After the structure factors corresponding to the selected masks have

been aligned, the 'best' phases ¢™* (s) and their ‘figure of merits' m(s) are defined for all
reflections as
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m(s)exp[ig™ (s)] = jzl\i;exp[i(pj (s)]. (13)

Here ¢, (s) are structure factor phases corresponding to j-th of M selected masks.

Figure 2 shows the quality of phase sets obtained after the alignment and averaging of the
phase sets corresponding to 100 masks selected on the basis of the magnitudes correlation [37].
Different curves correspond to different cut-off values for magnitude correlation when selecting
the masks. The quality of phases grows with the increase in the selection stiffness. It is worthy
of noting that the averaging of structure factor phases for connected masks of the proper volume
has some phasing power even if no selection was applied at all. The tests performed with
different values of the specific volume of masks show that the specific volume, optimal for the
phasing at very low resolution, slightly exceeds the customary estimate 1.23 A3Da™.

{ Fobs, q)best} VS { bes,q)exacl}

*z=0

=#z=1.5

*z=2

MCC [%]

+z=2.5

€no
selection

75 N T L] T T T T
04 06 038 1 1.2 14 16 1.8 2
Specific mask volume A3Da-!

Fig. 2. The results of the test phasing of simulated data for monomeric Photosystem Il (Fig. 3). Map
correlation of the found phases and the exact ones in 25 A resolution zone is shown as the function of the
mask specific volume. The final phases ¢*(s) were obtained by the averaging (13) of the phases for the
masks selected with the cutoff level CM ¢ = MEAN(CM) + z:RMSD(CM), where the mean and RMSD of
CM-value were calculated for all generated masks. (See [37] for details).

26 A

54

' 152 A

a) b) c)
Fig. 3. The test objects: @) Monomeric Photosystem Il ([44], Pdb code 3kzi, MW = 300 kDa). b) Trimer of
Photosystem | ([45], PDB code 1jbo, MW = 1068 kDa). ¢) One of the sections of simulated data I(s) for the

trimer of Photosystem 1.

The found phase values can be further refined and the set of phases may be expanded [37,
41, 46]. The construction of the mask is executed point by point (Fig. 1). The selection of the
next point is performed from the boundary points of the already constructed partial mask. This
choice can be made with equal probabilities, or taking into account the predefined probabilities.
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The prior probabilities of belonging to the molecule region may be defined for the cell points
on the basis of Fourier synthesis p(r) obtained at the previous step of phasing

P(r)=Cexp[xp(r)], (14)

where parameter k defines the desired sharpness of the probability distribution. This forms the
basis for iterative phase refinement and extension. Figure 4 shows the progress in phase
refinement and extension. The graphs show the correlations of the phases obtained at different
stages of the refinement, calculated in spherical resolution shells in the reciprocal space.
Figure 5 shows the images of the particle shown by Fourier syntheses at 25 A resolution. The
syntheses were calculated with the exact phases and phases obtained at the last step of the
phasing procedure. The shown surfaces correspond to the specific volume 1.23 A3Da 2.

{bes,(Pbest} Vs { Fobs,(pexacl}

80 ﬂm «S1
o AN NN T
S, N NN | s
) 20 \ \\ ::;2
0 \ -

«—60 60-40 40-30 30-25 25-20 20-16
Resolution shell [A]

Fig. 4. The results of the phase refinement and resolution extension in the test phasing of simulated data
for monomeric Photosystem 1l (Fig. 3). Map correlations of the found phases and the exact ones in
successive resolution shells are shown for different steps (S1-S20) of the work. The phases ¢"(s) were
obtained by the averaging (13) of the phases for the masks selected at the corresponding refinement step.
(See [41] for details).

Fig. 5. The images of the particle. 25 A resolution The Fourier syntheses were calculated with the exact
structure factor magnitude and different sets of phases at 16 A resolution. The both surfaces correspond to
the same specific volume 1.23 A3Da™. The protein part of the complex is shown as a cartoon. a) The
synthesis was calculated with the exact phases. b) The synthesis was calculated with the phases obtained
at the step S20 of the phasing. (See [41] for details).
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6. THE RESTORING OF THE LOST REFLECTIONS

When working with observed data, it often occurs that the lowest-resolution data are lost
and some strong reflections are “oversaturated”. The values of structure factor magnitudes of
such reflections, as well as their phases, can be restored within the framework of the proposed
procedure and used further for the calculation of electron density syntheses. When we calculate
the value of the selection criterion, we naturally can take into account only those values that
were measured in the experiment. However, for selected masks, we can calculate the
magnitudes and phases for all required reflections. Therefore, the lost structure factor
magnitudes can be estimated by the values of the mask magnitudes averaged through the
selected masks. An example is shown in Figure 6. In this test with the trimer of photosystem I,
182 reflections of the central zone up to resolution of 136 A and the 66 strongest among the
remaining reflections were considered unknown and were excluded from the phasing. The
diagram shows the values for a resolution-ordered list of initially lost reflections. Blue dots
correspond to exact values. Open circles correspond to restored values. The standard R-factor
between the restored and exact values of the structure factors magnitudes was 7 %, the mean
phase error in the found phase-values was 12 degrees.

248 excluded reflections

° * F exact
o :;'D L . o F restored
'U &00 [] [] -
:g @00 w .
g, s 88 o8 ®e o0 . .
g S e e 8 ®e -
w am e ® & o
-
7 %% g%g@ 0% o B ® o
WRBE Fgoosg Vg @ e %
o] 2 o © 0.9 @ (]
bt e,
g S8
Reflections

Fig. 6. The results of the retrieval of unknown structure factor magnitudes in the test with simulated data
for the trimer of Photosystem | (Fig. 3). The restored and exact values of the magnitude are shown for 248
reflections declared as unknown in the test. The reflections are presented in the resolution order (increasing
|s| value order).

Table 1. Map Correlation Coefficient in resolution shells and an estimated resolution

Resolution shell (A) Estimated resolution (A)
Step 060 | 60-40 | 40-30 | 3025 | 25-20 | 20-16 | by MCC" | by MTF™
S6 100 95 82 68 51 28 20 40
S11 100 98 93 85 73 47 20 30
S20 100 98 96 91 85 69 16 25
# refl. 85 170 363 436 1028 2026
“Map Correlation Coefficient.
“*Model Trapping Function
66

Mathematical Biology and Bioinformatics. 2020. V. 15. Ne 1. doi: 10.17537/2020.15.57



MASK-BASED APPROACH IN PHASING AND RESTORING OF SINGLE-PARTICLE DIFFRACTION DATA

7. MODEL-TRAPPING FUNCTION AS AN ESTIMATE OF THE SYNTHESIS
QUALITY

There is a common, though seriously criticized [47, 48], practice of considering phases in
some resolution shell as reliable if correlation coefficient between two independently obtained
solutions exceeds 50 %. Table 1 shows the shell correlation of the true phases with three
solutions obtained at different stages of phasing for the photosystem Il test structure. Based on
this table, the resolution of the syntheses obtained at steps S6 and S11 can be evaluated as 20
A, and as 16 A for step S20. However, the answer will be different if we try to estimate
resolution by the usefulness of the synthesis for building a model of the structure [41].

A Fourier synthesis is favorable for model building if the molecule region determined as
the highest synthesis values covers the atomic positions, but does not include the parts occupied
by the bulk solvent. Such a situation may occur for high-resolution syntheses, but is unattainable
at low resolution. Figure 7 shows the regions of the same volume built as the regions of highest

values {r:p(r) > pcm} in the exact Fourier syntheses of different resolution. It can be seen, e.g.,

at the resolution of 3 A, that this region embraces the model well, really reproducing the region
of the molecule. As the resolution of synthesis decreases, some of the atoms in the model begin
to creep out of the region. The number of such atoms increases with the decrease of the
resolution. We can estimate the quality of a mask as the approximation of the molecule region
by the percentage of model atoms captured by this mask. This estimate may be calculated for
regions of different specific volumes. We define the Model Trapping Function (MTF) as the

function of specific volume « as follows. Let the cutoff level p_be the value chosen for the
function p(r) and the specified value k so that the specific volume of the region

K

Q, ={r:p(r)=p,} is equal to . We define

MTF () = number of atoms in the Q3 _region

- - . 15
total number of atoms in the model (15)

The MTF shows how the percentage of trapped atoms of the model grows with the increase in
the specific volume of the region. Figure 8 shows model trapping curves for the exact syntheses
of different resolution calculated for the test model of monomeric photosystem 1.

Fig. 7. Molecule region mask build with the use of the exact Fourier syntheses of increasing (from left to
right) resolution. The masks corresponding to two different values « of the specific volume are shown.
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Now we can approach the evaluation of the results obtained at different steps of the test
phasing on the new basis. For each set of phases obtained, for example, S6, we can calculate a
model trapping curve and compare it with reference curves corresponding to the exact syntheses
of different resolution. For example, Figure 9 shows that the curve for the step S6 is close to
the curve corresponding to 40 A resolution exact synthesis. This means that in terms of the
quality of the molecule region revealing, this synthesis obtained at the step S6 is close to the
synthesis of 40 A resolution. A similar analysis for the steps S11 and S20 gives an assessment
of the quality of the syntheses as 30 and 25 A, respectively. Thus, an attempt to evaluate the
result by the quality of the selection of the region of the molecule gives a significantly lower
resolution than the 50 % rule. Table 1 indicates that this rather corresponds to the 90 % rule,
which is radically different from the traditional assessment.

100

90

80

// /)'/ =60 A

70
60
50
40
30
20
10

Model trapping [%)]

I/ <164

// ,[/ +5.0A

// / +«3.0A

0.5 1 1.5 2 2.5
Specific volume [A3Da!]

Fig. 8. The model trapping functions corresponding to the exact Fourier synthesis of different resolution
calculated with the simulated data for monomeric photosystem | [41].
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Fig. 9. The evaluation of the resolution for results of the test phasing of simulated data for monomeric
photosystem I. The model trapping curves calculated for results of different steps in the phasing are shown
by markers. The model trapping curves corresponding to the exact syntheses of different resolution are
shown by solid lines [41].

8. CONCLUSIONS

Generally, the phasing of single particle diffraction data is similar to one in biological
crystallography. The main difference is that the recording of a continuous diffraction pattern
provides the data of a high redundancy, which significantly improve the phasing and allows
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one to extend the diffraction pattern to regions in the reciprocal space not covered by the
particular experiment. The redundancy of the data may be utilized by, e.g., density modification
methods, Shannon-type interpolation formulas, mask-based approach or other methods of
phasing and intensity extension. In developing and testing new approaches in macromolecular
studies it is important to have adequate criteria to evaluate the success. Model trapping function
seems to be more sensitive for macromolecular objects than the customary formal map
correlation coefficient. In particular, it shows that usual 50% shell correlation rule when applied
in macromolecular studies gives too optimistic estimate of electron density map quality.
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Boccranosiienue moayJieil 1 pacuer ¢as ais
AUPPAKIUOHHON KAPTUHBI H30JIUPOBAHHON YaCTHIBI C
HCI0JIb30BAHUEM OMHAPHBIX MACOK 00bEKTA

Jlynun B.1O., JIynuna H.JL., IlerpoBa T.E.

Hncmumym mamemamuuecxux npooaem ouonocuu PAH - punuan Hncmumyma npuxiaouou
mamemamuxu um. M.B. Kenoviuwa PAH, I[Tywuno, Mockosckas obnracms, Poccus

Annomayua. Pa3BuTve SKCIEPUMEHTAIbHOM TEXHWKHM W, B YacCTHOCTH, BBOJ B
9KCIUTyaTallMi0 PEHTTEHOBCKUX JIa3€pOB Ha CBOOOIHBIX SJIEKTPOHAX IO3BOJISIFOT
OpUONMU3UTBCA K  BO3MOXHOCTH PErHCTpallid PEHTICHOBCKOI'O  PacCesHUs
OTJIENbHON MaKpOMOJEKYJSIPHOM dYacThileil. OJTO OTKpBIBaeT JOpOry K
OTpeeICHUIO MeTOoJaMH PEHTI€HOBCKOM JUppakIum CTPYKTYpBI
HEKPHUCTAJUTM30BAaHHBIX MaKPOMOJIEKYIISIPHBIX 00BEKTOB. BO3MOXKHOCTh H3MEpEHHUS
WHTEHCUBHOCTEH  He-Bp3rroBckux  pediuekcoB — co34aeT  CYIIECTBEHHYIO
H30BITOYHOCTh JIKCIIEPUMEHTANBHBIX JIAHHBIX, YTO CYIIECTBEHHO YIPOINAET
orpeieNieHre CTPYKTYpbl 00beKTa. JIicKpeTH3aus HenpephbIBHON AU(PaKINOHHON
KapTUHBI Ha CETKYy C JOCTaTOYHO MEJIKHM IIaroM IO3BOJSET paccMaTpUBaTh
mpodieMy ONpeAeseHusl CTPYKTYPhl Kak MpoOieMy ONpelesieHNusl CTPYKTYPhl IS
"BUPTYaJIbHOTO" KpUCTAJIa C YPE3BHIYAHHO OOJBIINM OTHOCHTEIBHBIM 00BEMOM
pacTBOpHUTENsT B DJJIeMEHTapHOW sdelike. B mpenmonoskeHWM, YTO 0O0NACTS,
3aHuMaeMasi 0OBEKTOM B 3JIEMEHTapHOH A4eliKe, N3BECTHA, 3TO MO3BOJISIET OKUIATh
BBICOKOI () ()EeKTHBHOCTH B penieHnH (Ha30BOi MPOOIIEMBbI HTEPAIIMOHHBIX METOJIOB,
THIIA METOJOB MOJM(HKALIUK dIEKTPOHHOH IUIOTHOCTH. B TO ke Bpewms,
UTEPALMOHHBIE METObl YyBCTBUTEIbHBI K TOUHOCTH 33aHUsI 001aCTH MOJIEKYJIBL,
HEMOJHOTE JKCHEPUMEHTABbHBIX JaHHBIX W HW3HAYaJIbHONW HEeIWHCTBEHHOCTH
perienus. Pa3paOoTaHHBIM aBTOpaMu METO/] IPEBAPUTEIIBHOTO perieHus (Gpa3oBoit
poOJIeMbl OCYIIECTBIISIET CITy4aiHbII HOUCK CBS3HBIX OMHAPHBIX alPOKCHUMAIUHA
pacrnpeneseHus JEKTPOHHOM IUIOTHOCTH B 00BEKTE (MAacoK 00JacTH MOJIEKYJIBI),
BOCIIPOM3BOSIIINX C JOCTATOYHOH TOYHOCTBIO JU(PPAKIUOHHYIO KapTHHY,
HaOmromaeMyl0 B OKCIEpUMEHTE. BrlpaBHHMBaHME, B  paMKax TpPYMIIbI
SKBUBAJICHTHOCTH peumeHnd (a3oBod npoOieMbl, HAHIEHHBIX MacoK C
MOCJEYIONMM YCPETHEHNEM TI03BOJISIET TONyYUTh MPUOIMKEHHOE pelIeHHe
¢dazoBoii mpobyembl. [ToMHMO OIICHKH HEM3BECTHBIX 3HAYCHUH (a3 CTPYKTYPHBIX
(akTOpOB pa3pabOTaHHBIA IOAXOJ IO3BOJSIET BOCCTAHABIMBATH (HParMEHTHI
TU(QpaKIMOHHON KapTUHBI (3HAYEHHST MOJIYJEeH CTPYKTYpPHbIX (DaKTOpOB),
MOTEpsSHHBIE B JKcliepuMeHTe. [IpumepamMu Takux (parMeHTOB MOTYT CITYXKUTb
HEperucTpupyemass LEeHTpajbHas 30Ha PEHTIICHOTpaMMbl WIH  O0JacTH
"Mepe’KCIIOHNPOBaHHBIX"  (BBHAY OTrPaHMYEHHOCTH paboduero  auama3oHa
JIETeKTOpa) pedIeKCOB.

Knirouesvie cnosa. buonocuyeckue MAKPOMOJIEK)]1bl, U301UpoOB6ArHble  HYacmuybvl,

PEHM2EeH0B8CKOe pacCesitie, PEHM2EHOBCKUe a3epbl, Paz08as NPOOIeMA, 60CCMAHOBNEHUE
OUDPAKYUOHHBIX OAHHBIX, d(hhekmueHoe paspeueHue.
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