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Abstract.  The aim is to explore a COVID-19 SEIR model involving
Atangana-Baleanu Caputo type (ABC) fractional derivatives. Existence,
uniqueness, positivity, and boundedness of the solutions for the alternative
model are established. Some stability results of the proposed system are also
presented. Numerical simulations results obtained in this paper, according to the
real data, show that the model is more suitable for the disease evolution.
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INTRODUCTION

The world is currently experiencing an epidemic of infectious disease called COVID-19 [5],
resulting from a new virus belonging to the coronavirus family: SARS-CoV-2. Coronaviruses
are a family of various viruses that can infect both humans and animals. Human coronaviruses
mainly cause respiratory infections, ranging from mild colds to severe lung disease. They can
also be accompanied by digestive disorders such as gastroenteritis. To contain this pandemic
which is probably only in its infancy, and avoid a collapse of the health systems, governments
must adopt immediate and effective measures in a context of major uncertainty.

The COVID-19 pandemic is drawing attention more than ever to quantitative mathematical
modeling. Policy makers and the general public are turning to science, and modeling in particular
to gain insight into the complex dynamics of the epidemic, from a local and global perspective,
as well as to predict the consequences of possible interventions on the number of cases,
hospitalizations and deaths.

Mathematical modeling in epidemiology began in 1760, with Bernoulli’s work to assess the
effectiveness of vaccination against smallpox. For COVID-19 pandemic, epidemiologists are
developing, testing and adjusting models to simulate the spread of this infectious disease; it’s
about better understanding it and optimizing interventions to control it.

Current models of COVID-19 are generally derived from classic approach for epidemic
modeling developed in 1927 by Kermack and McKendrik [25]. The approach divide the
population into 3 classes, the number of which changes as a function of time:
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 Sindividuals: they are the non-carriers of the virus, therefore susceptible to being infected.

[ individuals: they are the infected individuals, whatever the degree of severity of the
disease (asymptomatic, symptomatic carriers, etc.).

* R individuals: these are the individuals who have been infected and are recovered. They
are therefore immune, for a period of several months, it is believed, for COVID-19.

For COVID-19 disease, it would be suitable to add a population of exposed individuals ()
to the model. Adding more compartments allows for a refined description of specific epidemics
with assumptions on transfer from one class to another, see for example [15, 14, 30].

Vaccinating the population would be an ideal solution against COVID-19. In the absence of
an available vaccine, confinement (combined with other social distancing measures) will limit
the proportion of susceptible people who become infectious. Simulation models are therefore a
crucial tool in the fight against COVID-19, helping to understand the enormous efforts required
to fight the coronavirus, slow the spread of the epidemic and, thus, save lives.

The usual integer-order models do not enjoy subsequent memory effects occurring in
many biological models. The hereditary, as essential property of many biological processes,
is introduced through the ABC operator. Fractional operators have received increasing interest
by several directions in the modeling of biological process. Let us brefly review one of the
recent papers, in [34] for exemple, the authors proposed and studied the dynamics behavior of
COVID-19, that was by analysed an SEIHDR model based on ABC operator, they showed the
transmission dynamics of COVID-19 after they analysed the existence results, see [1, 2, 13, 12,
11,21,8,7,6,18,19,20, 16,10, 9, 23, 24, 29, 31, 32, 33] and the references therein.

In the present work, due the great importance of ABC fractional derivative we aim to promote
its application to a SEIR epidemic model for COVID-19 and prove existence and uniqueness of
bounded and positive solution by using the fixed point theory. After that, fractional derivative
effect on epidemic trend is showed through some numerical simulations.

The paper is organized as follows. We first formulated the mathematical model for
COVID-19 transmission with ABC fractional derivatives. Existence, uniqueness, positivity and
boundedness of solutions are then proved. Some stability results of the proposed system are
presented and the epidemic trend is discussed by using real data and numerical experiments.
Finally, a conclusion is drawn in the last section.

FRACTIONAL MODEL

Before presenting the fractional model, we first recall some definitions and properties that
are needed in the next sections.

Definition 1. [7] Let f € H'(a,b),a < band { € [0,1]. The definition of the
Atangana-Baleanu derivative in Caputo sense of order C of f is

ABC DL(f(¢ 1_5/ (= ( (1__:’2&) dz (1)

where E(-) is the Mittag-Leffler function while B(Q) is a normalization function satisfying
B(0) = B(1) = 1.
Definition 2. [7] The associated fractional integral is given as

ABCIS(£(1)) = Tf( / F(E = v) v, @)

We focus on a SEIR system to depict the prevalent characteristics of COVID-19. We
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introduce the ABC fractional time derivative and the model equations read
( ABCODS(S(t)) =AN—B11S — B2 BS — puS,
ABC Dy (E(t)) = B1IS + B2ES — (v1+ WE,

(3)
ABCODS([(t)) =v1E — (y2 + W),

ABC Dy (R(t)) = yol — uR.

\

The system (3) is completed with the initial conditions
S(0) = Sy, E(0)=Ey, I(0) =1y, R(0)= Rp.

The SEIR model (3) divides the population in total into four separate compartments. S(t)
stands for susceptible population at time ¢; the number of asymptomatic infectious individuals
is denoted by E/(t); the number of symptomatic and infectious population is shown by 1(t); the
number of infected population quarantined and expecting recovery is described by R(t). We
assume S(t) + E(t) + I(t) + R(t) = N(t), where A is the recruitment rate and p is the natural
rate of death, (3; represents the transmission rate of S to £ (S contacted by [), y; accounts for
transmission rate of £ to I, while 'y, denotes the transmission rate of [ to . As COVID-19 is also
infectious in the incubation period, a coefficient 35 is involved to parameterize the transmission
rate of S to F/ (£ contacted .S). We assume that all parameters are positive. The flow chart is
shown in figure 1 in which the boxes represent the different compartments and the arrows the
transition between compartments.

.31 o
S E ' | ' R

B2

A

Fig. 1. Flow SEIR model diagram.

EXISTENCE, UNIQUENESS, POSITIVITY AND BOUNDEDNESS

The fractional order system (3) is complex, non-local and there is no analytical method to
solve it. To prove existence of solutions, we make use of a fixed point approach. The system is

reformulated as follows:
( ABCOD?(S(t)) = H1<t7 S)a

ABCODY(E(t)) = Hal(t, E),
(4)
ABCODY(I() = Ha(t, ]),

ABC,Di(R(t)) = Hu(t, R).

\

Let £(N) be a Banach space of real continuous functions on N. We consider A = E(N) X
E(N) x E(N) x E(N) equipped with the norm ||S|| + [|E|| + || I|| + || R]|, where ||W]| =
41
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sup{|W(¢t)|,t e N}, W =S E,I,R.
The ABC fractional order integral allows to convert the system (4) into a Volterra-type
integral equation as follows

S(t) — S(0) = B(C ’Hl(t S) + B(C fo V)IH (v, S)dv

E(t) - E(0) = 55Ha(t, E) + fo V) U1y (v, E)dv,
| I(t) = 1(0) = 55Hs(t. 1) + 5or0 fo V) Hs (v, T)dv ¥
| R(t) — R(0) = 1— 7-1,4(t R) + B(C)F fO V)1, (v, R)dv.

For the positivity and boundedness of the solutions, we have :

Proposition 1. The solution of system (3) is non-negative and bounded for all t > 0,
provided that initial conditions are non-negative.

Proof. We have
ABC(DES g9 = A > 0,
ABC DB g = B11S > 0,
ABC Dyl 1= = v1E > 0,

ABC DER| o = Yol > 0.

Therefore, all solutions initiated in R% are positive.
For the boundedness, we have

N(t)=S(t)+ E(t)+ I(t) + R(¢),
and
ABEDEN(t) = A — uN(t).
So, we deduce that

N(t) = N(0)Ee(—ut) + ﬁu ~ Bi(—pt9)), ®)

A

Since 0 < E;(—ut¢) < 1land 1 — E;(—ut®) < 1, we obtain N(t) < N(0) + —. This achieves
i

the proof .

Theorem 1. Assume that

0<(B1+B2)etpu<l, (7)

then the kernel H, satisfies the Lipschitz condition and contraction.
Proof. Fortwo functions S; and S5, one has

|H1(t,52) — Hi(t, S)|| = ||—-B1lS2 — B2lSs — wSs + B11S1 + B11S1 — wSh||

< IBoT + B2+ | [|S2(t) — Su(t)l| < 8y [|S2(t) — Si(t)l]-
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where &, = (B1 + B2)c + 1, c = max(b,) and ||E| < b, ||I]| < ¢. We conclude that the
Lipschitz condition is satisfied for ;.

Moreover, if 0 < (31 4+ B2)c + 1 < 1, then there follows a contraction.

The remaining kernels can be easily handled to get

[Ha(t, Ba) — Ha(t, Er)|| < 8 || Ex(t) — Ex(t)]]. (8)
[ Hs(t, L) — Hs(t, I)|| < 8[| 1o(t) — L(t)]]. )
[ Ha(t, Ry) — Ha(t, Ry)|| < 84 || Ro(t) — Ra(2)] - (10)

The same procedure discussed for example in [26] can be applied to get existence and
uniqueness for the fractional model (3). In particular, we have
Theorem 2. Assume that
1—0C- t¢

S mar__§5. < 1,i=1,23,4. 11
50" T Boro <= hAe -

¢

max’

for some t then the fractional model (3) admits a unique solution.

STABILITY RESULTS

We can see that the closed set

A
F:{(S,E,[,R)eRi:S+E+I+R§E}

A
is a positively invariant set for the system (3). In fact, from (6), we can conclude that N (¢) < ;
as t —» oo. Hence, for any initial condition in T, the solution of fractional model (3) does
not leave I' for all £ > 0 and the system is well posed for mathematical and epidemiological
considerations in I'. In this section, we shall prove some stability result for the model (3) with

integer-order derivative, namely
((S(t) =A—BIS —BES — uS,
E(t) =PB1IS+B2ES — (yi+WE,

' (12)
I(t) =viE— (y2+w)l,

| R(t) =v2] —uR.

Let us first calculate the basic reproduction number R and the endemic equilibrium.

1. Equilibria and basic reproduction number

The disease-free equilibrium is obtained by letting / = 0 in (12), we have the disease-free
equilibrium state
~ A
Xo = (50,0,0,0) = (;,0,0,0).
43
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The infectious part of the system (12) is

E(t) = B11S + B2ES — (v1 + W E,

. (13)
I(t) =v1E — (v2 + W)l

By linearized sytem at the point X, we have the following corresponding matrix :

B2§0 —Yi1—H BISO
A p—
Y1 —Y2— H

The matrix A can be rewritten as A =V — S where

B2 P Y1+ R 0
V= , S =

0 0 Y1 Y2t H

The next generation matrix [4] is :

f52§0(1/2 + 1) +v1B1Sy  B1So

VS~ = (V1 + 1) (y2+ 1) Y2+ u
Y1 0
Y1+ H

So, the basic reproduction number is

Ba(ve + 1) +v1B1 5
Ro = So.
R CRNEIT) [CVANEETS)

In the next, we prove that model (12) has a unique endemic equilibrium.

Lemma 1. If Ry > 1, then the system (12) admits a unique endemic equilibrium X*, and
no endemic if Ry < 1.

Proof. In order to determine the endemic equilibrium, we set the right-hand side of (12)
to zero. We find that

A= BiI(t)S(t) — B2E(t)S(t) — uS(t) = 0, (14)
BLL(1)S() + B2E()S(E) — (1 + WE() = 0, (15)
YiE(t) — (y2 +w)I(t) =0, (16)
VoI (t) - uR(t) = 0. (17)
By adding (14) and (15), we get
1

E(t) = m(/\ — uS(t)). (18)

From (16) we obtain N
I(t) = v HE(t). (19)

44
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while from (17) it follows that

R@ﬁé%uw. (20)

Using (19) in (15) one gets

E() [S(t) (BT ip) -+ u>] 0

That is, or E(t) = 0 or S(t) = [5(3;;11?52/;2—’:3)

A
S(t) = o while from (19) I(t) = 0, which implies by (20) R(¢) = 0. So the endemic
equilibrium state X, = (S,, E., L., R.) with T

If E(t) = 0, then from (18) we obtain

(- mtwrt+y S
By + Balva+1) Ro’

1 A
E,=——(A—uS,)=——(Ro—1) >0,
I, = Y1 E..

Y2+ 1
R, =Y,
i

2. Stability

For local stability of the disease-free equilibrium state, we have

Theorem 3. If Ry < 1, then the disease-free equilibrium state X, of system (12) is
locally asymptotically stable. o

Proof. We evaluate the Jacobian matrix of system (12) at X, to get

—H —(525’0 —ﬁlgo 0

0 Ba2So— (vi+w) B150 0
J(X()) - )

0 Y1 —(ya+u) O

0 0 Ya —H

and the characteristic polynomial reads
P(X) = (X+w)(X*+(y1+v2+20— B250)X + (v1+ 1 — B2So) (v2 + 1) — f5ﬂ/1§0)

= (X +w)(X°+ (vi+v2+20— B2So) X + (1 + ) (v2 + w)(1 — Ro). (22)
45
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Polynomial (22) has a real roots which are

Xy, = —u<0,
Xo+Xg = —<Y1+Y2+2H—f32§0><0,

XoXs = (vit+w)(y2+w)(1—-Ro) >0

So X5 < 0 and X3 < 0. Therefore, by applying the Routh-Hurwitz’s criterion, the disease-free
equilibrium X is locally asymptotically stable. For the global stability of the disease free
equilibrium state, we have

Theorem 4. The disease-free equilibrium state is globally asymptotically stable if
Ry < 1.

Proof. We define the following Lyapunov function V' by

1
V(S,E,I): [BQ(H+Y2)+ﬁ1Y1E+Bll '
U+ Y2 U+ Y1
We have
v - [32(“‘1‘1/2) + BlY1E+ 511]
L+ Yo H—+ Y1
B L Ba(r+v2) + Bivs
= e T (BST oS E — (i + WE) + B (viB — (v2 + )T
Ro Bivi
3 ([31 Bo (Yl H) ) L+ 72 3y
Ro Ro Ro Bivi
3, By 3, B2 S, (Yl H) L+ v 31

B Rog Ro, o  Ro B1v1
— ﬁd(ggs 1>+(Egﬁﬁ? ng1+uy+u+q@)E

Then

Vo= 611(&5 1

0

Ro B Ba(n+v2) + Bivy B1v1
+<5‘o BaS — ) va) u)+u+w)E

)
= B (F5 1)+ (5BS - o)
(

0
S—1>

< (BiI+p:E) (= -1) 0.

0

= (B1I+ BQE)

Gl )

Hence V < 0, if Ry < 1. We deduce that the disease-free equilibrium state is globally
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asymptotically stable.
Theorem 5. Theunique endemic equilibrium is globally asymptotically stable if Ry > 1.
Proof. We consider the Lyapunov function L = L(S, E, I) for S, E, I > 0, such that

S _ FE _ I o
L:/ i S*d:ch/ T E*dx+/ r b
* r * x I x

Clearly L = L(S,E,I) > 0, for S, E,I > 0. By using the endemic equilibrium state X, =
(Si, E, I, R.), we have

S — 5. E—-FE, . I -1,

L = g SO+ —F—EB{)+ 1(t)
= S (pus (1o gp) w B (1 ) vrs.(1-5)
v (s (gn - ) s (ng - w)
o (1)
= Bl (24 g - app) (RS s) (-5 )
e (1 g 7 )

Note that we have

and if

9oL - 2 =
YL S B SLE S
LE_1_LE _
B I IE S

then, by Lyapunov stability theorem, it ensures that the model is globally asymptotically stable
at X, when Ry > 1.

NUMERICAL SIMULATIONS AND DISCUSSION

Numerical simulations for solving the ABC fractional model (3) are based on formulas (5).
In fact, we use the two points Lagrange interpolation polynomial to approximate the fractional
integral [27]. We first present the method briefly and than apply it to obtain an iterative scheme.
By applying the fundamental theorem of fractional calculus we convert the system (4) into a
Volterra-type integral equation (5).
Att=t,.1,n=0,1,2..., we have
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S(tns1) — S(0) = 2?5%(%5) 4+ B(C)CF(C) /0"+1(tn+1 VT4 (v, S)dy
So
S(tpe1) = S(0)+ 1BEC)C,H1(th) + B(C)CF(C) Z/t k+1(tn+1 — V)(—l}[l(V,S)dV

11— C =~ [Ha( tk, ty)) [t -1
) Hi(t,,S) + 2 { /tk (v —tp1)(tnis — V) tdv
B Hl(tk—1,hS(tk—1)) /tk Hl(y ) (b — V)Cldyl + S(to)

_ S(t) + %Hl(tn,S(tn)) + ch) «

> [PPSO (1= k2 €)= (0= R k2 20)
k=0

h“Hi(tr-1, S(te—1)) +1
_ T +2) (n+1=k) = —k)n—-k+1+0)

In a similar way, we get formulas for £/, I and R.
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The numerical algorithm reads

¢
B(C)

° S(tp1) = S(to) + Ha(tn, S(tn)) +

B(C)

S [hEH (e, St
;[ F((C+2() D((n41—k)(n—k+2+0) — (n— k)(n— k+2+20)

B hCHy (tg—1, S(tx—1))

) (n+1—=k) —(n—k)n—k+1+0)

o E(tn) = E(ty) + LG

W’Hg(tn, E(t,)) +

B(Q)

i [hCHIE((Zk:’_EQStk)) ((n +1— /{:)C(n — k424 C) — (n — k:)c(n —k+2+ QC))
k=0

heHo (b1, E(te 1))
 T(C+2)

(n+1-=k)"—(n—k)(n—k+1+7)

¢
B(C)

o I(tni1) =I(to) + Hs(tn, I(t)) +

B(C)

i C
kZ:O {h ?;3((51112(;0) (n+1=k) n—k+2+0) — (n—k) (n—k+2+20)

heHs3(te—1, 1 (tr—1))
O T(C+2)

(n+1—k) —(n—k)(n—k+1+47)

o R(b) = Rp) + =S

W?—Q(tn, R(t,)) +

B(¢)

" [RH (b, Rty
;[ F((2+2<)t))((n+1—k)c(n—k+2+C)—(n—k)c(n—k+2+2C))

_ R Hy(tg—1, R(tp—1))

Tt 2) (n+1-k) ™ —(n—k)(n—k+147)

forn=0,1,...

The stability and convergence results for the above scheme can be obtained by using the
algorithm presented in [28].

In order to apply the fractional model (3) to simulate the COVID-19 epidemic in Morocco,
we consider the reported data from March 02, 2020, till June 17, 2020 and we make use of the
data from [22]. Estimation of the parameters 31, 32,y and vy, can be obtained by [3]

g _Ropg Ro 1. 1
1= I 2 = TE’Yl = TE,Yz =TI
49
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where TI and TE are respectively the infectious and incubation periods. We precise that
incubation period is the time elapsed between exposure and symptoms manifestation. The basic
reproduction number Ry, ~ 1.01 (May 5th, [22]). The R, value shows that the quarantine
strategy and ensuing measures have a significant role in the epidemic trend. So, we can estimate
the parameters values and the results are summarized in Table 1.

Table 1. SEIR model parameters

Notation Description of parameter Value
So Initial susceptible population 798
Ey Initial exposed population 5
Iy Initial infected population 1
Ry Initial recovered population 0

Natural death rate 0.01
A Flux of population 20
B1 Transmission rate of S to I (I contacted S) | 0.072
B2 Transmission rate of S to £ (E contacted S) | 0.337
Y1 Transmission rate of E to [ 0.333
Yo Transmission rate of I to R 0.0714
TI Infectious period 14.00
TE Incubation period 3.00

10000 | ===m Total cases of the infected individuals
=mmm Total cases of the recovered individuals

8000 A

6000 -

4000 A

Cumulative cases

2000 -

Time t (days)

Fig. 2. Cumulative curves of infected and recovered individuals [22].
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The Figure 2 shows the cumulative cases of the infected and recovered individuals in

Morocco from March 2th to June 17th, 2020.

Simulations are carried out up to 120 days and ¢ = 0 represents March 02, 2020. The Figure
3 shows the evolution of different compartments for ¢ = 0.98. In Figures 5, 6, 7 and 8, the

behavior of the model components are visualized by varying the fractional order.

We can observe from Figure 4 that, when ¢ = 1, the results obtained using the ABC
derivatives are close to the ones in the classical case. However, as ( smaller than one, the obtained

results are slightly different.

800

(=2
o
o

Compartments
S
o
o

200 A

&
h
{
F
4

WMM\

i - S +++'F+
— +_'_+
] ! i
+ R \_+ /_—

0 20 40

Time t (days)

60

80

100 120

Fig. 3. Numerical simulations for system (3) for ¢ = 0.98.

800 -

600 -

400

== S (classical)
= S ({=0.98)

0 20

40 60 80 100 120

400

200 A

= | (classical)
== | ({=0.98)

0 20

Fig. 4. The comparison between the solutions obtained by using the function odeint to solve the
differential equations in Python and the numerical solutions obtained by the proposed method with

¢ =0.98.

Next, we present graphical results of the COVID-19 model (3) along with real data. So to
make a better illustration, we tested various values of the fractional order . Notice that in the
Figures 9 and 10 the solid curves is the model simulations for infected and recovered individuals
in fractional case, while the dotted curves represent the real curves from March 2th to June
17th, 2020. From these figures we illustrate the effect of fractional order ¢ on both infected and
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0 20 40 60 80 100 120
Time t (days)

Fig. 5. Evolution of the susceptible compartment for varying fractional order C.

140

120 A

100 4

80 -

E(t)

60 -

40 A

20 A

0 20 40 60 80 100 120
Time t (days)

Fig. 6. Evolution of the exposed compartment for varying fractional order .

recovered individuals in case of Morocco. It is important to note that the dynamics of the infected
individuals can be simulated for ¢ € [0.9, 1], while the recovered individuals can be simulated
for ¢ < 0.9. These results may be explained by the sudden outbreak of the epidemic, or a
considerable number of infected and asymptomatic infectious individuals were not quarantined
promptly. So we need to apply an optimal control strategy to control the behavior of the system.
The numerical simulations allow to conclude that notable results for the case of Morocco can
be obtained for fractional order ¢ < 1.

CONCLUDING REMARKS

In this paper, a fractional SEIR model in the ABC fractional derivative sense for COVID-19
modeling is considered. Results on existence, uniqueness, positivity and boundedness of the
solutions, are proved. Some stability results are also obtained. The graphical representations
show that the fractional model provides a suitable solution than that of the integer case, because
itallows to elucidate the correct information of the infection transmission. Models cannot predict
what will happen, but they can rather help to understand what might happen so that we can
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Fig. 7. Evolution of the infected compartment for varying fractional order C.
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Fig. 8. Evolution of the recovered compartment for varying fractional order C.

predict the worst cases and guide public health actions to achieve the best possible result. The
precision of the model predictions turns entirely on the quantity/quality of epidemiological data
used and on the understanding of the transmission dynamics of the disease. Both elements are
expected to improve and refine over time the model. We believe that the model of this paper
makes an attempt of the disease dynamics, so, we will focus in future on a comprehensible
depiction of COVID-19 in Morocco with a complete data record and under different intervention
strategies.
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