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Abstract. Various regimes of a charge motion along a chain in a constant electric
field are investigated. This motion is simulated on the basis of the Holstein model.
Earlier studies demonstrate a possibility of a uniform motion of a charge in a
constant electric field over very long distances. For small values of the electric
field intensity a Holstein polaron can move at a constant velocity. As the electric
field intensity increases, a charge motion acquires oscillatorily character, performing
Bloch oscillations. Since the charge motion depends on the whole set of the system
parameters the character of the motion depends not only on the value of the electric
field intensity. Therefore, the electric field intensity for which the uniform motion
takes place differs for chains with different parameters. The character of the charge
motion and distribution is considered in chains with different values of the constant
of coupling between the charge and the displacements of the chain. It is shown that
the values of the electric field intensity for which the regime of a charge motion
changes are different in chains with different values of the coupling constant. It is
also demonstrated that for one and the same value of the electric field intensity, in
chains with different values of the coupling constant either a uniform motion or an
oscillatory motion, or a stationary polaron can be observed.

Key words: nanobioelectronics, nanowires, molecular chains, polarons, DNA, charge
transfer, Holstein model.

INTRODUCTION

Elucidation of the mechanisms of electron transport in DNA which is the most important
problem of nanobioelectronics is dealt with in a large number of theoretical and experimental
works [1]-[17].Of particular interest is the study of charge transfer in DNA in the presence of
an electric field [18]-[25].

In the work presented, the motion of a charge along a chain in the presence of a constant
electric field is simulated on the basis of the Holstein model [26, 27]. Modeling of the charge
motion even in a homogeneous polynucleotide chain is a multipleparameter problem. Therefore,
despite the simplicity of the model chosen, various and complex dynamic regimes can take place
in the system under consideration. The character of the motion and distribution of a charge along
the chain depends on many parameters of the system: on each of the parameters of the chain, on
the value of the electric field intensity, on the initial distribution of the charge in the chain.

Earlier studies ([18], [22], [24]) show that the uniform motion of a polaron along a chain is
possible for small values of the electric field intensity. In [28] a possibility of a uniform motion of
a polaron in a homogeneous Holstein chain in a constant electric field over very large distances
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was shown. For large values of the electric field intensity, a uniform motion is not observed, the
charge loses its original shape and moves along the chain in the direction of the field performing
Bloch oscillations. But the character of a charge motion along the chain depends not only on
the value of the electric field intensity, but also on the parameters of the chain and even on the
initial distribution of the charge.

In this work, we investigate the motion of a charge in a constant electric field in
polynucleotide chains with different values of the constant of coupling between the charge and
the displacements of the chain. The values of other parameters of the chain do not change. In
the course of a uniform motion along the chain, the charge moves maintaining its shape. In
this case, we can say that a polaron is moving along the chain. In this work, the dependence
of the velocity of a uniformly moving polaron on the value of the coupling constant between
the charge and the displacements of the chain is shown. In the course of oscillatory motion, the
charge loses its original shape and moves along the chain in the direction of the field, performing
Bloch oscillations. In this case, the instantaneous and average velocities of the charge motion
were considered and their dependence on the value of the coupling constant was investigated.

MATHEMATICAL MODEL AND INITIAL DATA

Simulation of a charge motion in a homogeneous molecular chain in the presence of a
constant electric field was carried out on the basis of the Holstein model [26, 27]. Within the
framework of this model, DNA is considered as a homogeneous chain composed of /V sites.
Each site is a nucleotide pair, which is considered as a harmonic oscillator [17]. The motion of a
charge in a constant electric field is modeled by a system of coupled quantum-classical dynamic
equations with dissipation. The dynamics of an electron is described by the linear Schrédinger
equation, and the dynamics of sites with allowance for dissipation is described by the classical
equations of motion.

To simulate the dynamics of a quantum particle in a chain of /V nucleotide pairs, we will use
the Holstein Hamiltonian, in which each site is a diatomic molecule:

==V v(Inhn =1+ n)(n +1]) + X aquln)nl
N M@ /24 L ke2/2+ X)) e€nln) (n], ()

where v is a matrix element of a charge transition between neighboring sites (nucleotide pairs),
« is a constant of charge interaction with sites displacements ¢,,, M is the effective mass of a
site, k is an elastic constant, e is the electron charge, £ is the electric field intensity.

The equations of motion for the Hamiltonian H lead to the following system of differential
equations:

ihb, = —V(bp—1 + bpr1) + xqnby, + eEanb,, (2)
MQR = _‘]/Qn - an - (x|bn‘2 y (3)

where b,, is the amplitude of the probability of a charge occurrence on the n-th site, > . [b,,| 2=1,
h = h/2m, his Planck’s constant. Classical motion equations (3) involve dissipation determined
by the friction coefficient y.

Equations (2) are Schrodinger equations for the probability amplitudes b,,, which describe
evolution of a particle in deformable chain. Equations (3) are classical motion equations which
describe the dynamics of nucleotide pairs with account taken for dissipation.

For numerical simulation of the polaron motion, we pass on to dimensionless variables using
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the relations:
n = w/h, w*=1K/M, w'ty/M, q,= Bun,
E = Eeat/h, kw®="1(«)’/Mh, p="0/M, t=rt, 4)

where T is an arbitrary time scale which relates time ¢ and dimensionless variable t, t =t /T,
T = 107! sec (arbitrary time scale).
In dimensionless variables (4) equations (2), (3) take the form:

.db,,

i = (bng1 + buo1) + KW tupby + Enby, (5)
d*u,, ,du, 9 5
Y @l ©

where b,, are amplitudes of the probability of charge’s occurrence on the n-th site, ) |b,,(t)
1, n — are matrix elements of the transition through sites, w is the frequency of oscillations of
the n-th site, k is the coupling constant, w’ is a friction coefficient, u,, are displacements of sites
from their equilibrium positions, F is the electric field intensity. In dimensional units the electric
field intensity is £ ~ E-1.88:10°V /cm.

The model introduced in this way, which describes the dynamics of a charged particle in a
polynucleotide chain, explicitly takes into account dissipation in the system under consideration.

The system of nonlinear differential equations (5), (6) is solved by the Runge-Kutta method
of the 4th order. The calculations were carried out using the computing facilities of the JSCC
RAS.

In the absence of an electric field, the system of equations (5), (6) in the continual limit has
a stationary solution in the form of an inverse hyperbolic cosine:

> =

V2 [k | /x(n—np)
o0 =y [ (T )

u,(0) = | b,(0)]*/w?, du,(0)/dt = 0.

(7)

In this work, we investigate the motion of a charge in a constant electric field in
polynucleotide chains with different values of the coupling constant k. To simulate the motion
of a charge, we will use the fixed values of the following parameters: matrix elements of the
transition along the sites 1 = 2.4, the oscillation frequency of the sites w = 1, and the friction
coefficient w’ = 1.

To simulate the motion of a polaron in a constant electric field, we will place an initial polaron
of the form (7) in the chain. We place the center of the polaron on the site with the number 7.
The value of ng is chosen so that at the beginning of the calculations the polaron be far enough
from the ends of the chain. Similarly, the length of the chain is chosen so that at the end of the
calculations the polaron would not come too close to the end of the chain. The motion of a charge
in an electric field is modeled in a homogeneous open chain with two ends. The field turns on
“instantly” at the initial moment of time.

Figure 1 shows seven graphs of the functions |b,,(0)|? of the form (7) in a chain of N = 100
sites for different values of the coupling constant k = 1, 2, ..., 7. In the example presented, the
following dimensionless values of the chain parameters were chosen: 1 = 2.4, w = 1, w’ = 1.
The graphs of functions |b,(0)|? shown in 1 clearly demonstrate the dependence of the initial
polaron state of the form (7) on the value of the coupling constant k.

Functions |b,,(0)|? of the form (7) are a solution of the system of equations (5), (6) in the
continuum limit, but for discrete chains, this solution is only an approximation to the function
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Fig. 1. Graphs of the functions |b,,(0)|? of the form (7) in a chain of N = 100 sites for different
values of the coupling constant k = 1,2,3,4,5,6, 7.

|b,|? 2 in a discrete chain in the absence of an electric field and external excitations. That is,
the form of a polaron in a discrete chain is slightly different from the initial polaron state of the
form (7). For chains with small values of the coupling constant k < 4 for given values of the
matrix elements of the transition through the sites n = 2.4 the functions |b,,(0)|? of the form (7)
practically coincide with the shape of a polaron in a discrete chain. In chains with a coupling
constant k > 5 the discrete polaron is slightly higher and narrower than the function |b,,(0)|? of
the form (7), but in this study it is not of fundamental importance, so we will use the function
|, (0)]? of the form (7) as the initial polaron state.

In the example in Figure 1, as in the examples below, the sites in the chain are numbered
from left to right. We set the values of the electric field intensity to be positive: £/ > 0, the
charges move along the chain in the direction of the field from right to left, therefore the values
of ng (the position of the initial polaron) are set near the right-hand end of the chain.

UNIFORM POLARON MOTION AND OSCILLATORY REGIME OF A CHARGE
MOTION

Figure 2 shows the examples of the evolution of a charge from the initial polaron state of
the form (7) in seven chains with different values of the coupling constant k. The graphs of
the initial polaron state of the form (7) for each value of the coupling constant k are shown in
Figure 1. As mentioned above, the values of the following parameters are set to be the same in
all the chains: matrix elements of the transition through sites 1 = 2.4, oscillation frequency of
sites w = 1, friction coefficient w’ = 1. The initial values of |b,(0)| are given in the form of an
inverse hyperbolic cosine of the form (7), the center of which is located at the site of the chain
with the number ny = 6500. The length of the chain is N = 7001 sites.

k=51,
0 10 000 20 000 30000 f

Fig. 2. Graphs of functions X (¢) for different values of the coupling constant k = 1,2, ..., 7. The
chain length is NV = 7001 The center of the initial polaron state of the form (7) ng = 6500. The
values of the chain parameters are: 11 = 2.4, w = 1, w’ = 1. The value of the electric field intensity
is £ = 0.03.
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Figure 2 shows the graphs of the function X (), which describes the position of the center of

mass of a charge for the value of the electric field intensity £ = 0.03, X (t) = >, |b.(t)]* - n.

The graphs of the function X (tN) in Figure 2 in chains with large values of k = 5,6,7
demonstrate a linear dependence on ¢ for the specified value of the electric field intensity
E = 0.03 during the dimensionless time t ~ 30000, therefore, for the chosen value of the
electric field intensity, a uniform motion is observed in chains with the specified values of the
coupling constant k, while the charge moves along the chain, retaining its original shape, that
is, in these cases, a uniform motion of the polaron is observed. The graphs of the functions X (tN)
presented in Figure 2 for k = 5, 6, 7 suggest that the velocity of polaron motion in the course of
its uniform motion along the chain increases as the coupling constant k decreases.

In chains with smaller values of the coupling constant k = 1,2, 3, 4, the charge immediately
starts an oscillatory motion. In what follows we will show that the charge performs Bloch
oscillations. In the course of oscillatory motion along the chain, the charge quickly loses its
original shape and, being distributed along the chain, moves in the direction of the field. The
graphs of the functions X (%V) for Kk = 1,2,3,4 in Figure 2 show that it would be incorrect to
compare the velocity of an oscillatorily moving charge with that of a uniformly moving polaron
fork = 5,6, 7. We can only notice that during the computation time shown in Figure 2, the charge
with a large value of k = 4 has travelled a greater distance along the chain. As the coupling
constant k decreases, for k — 0, the total velocity of the charge tends to zero, the charge,
maintaining its shape, performs Bloch oscillations near the center of the initial position of the
charge, being located at the chain sites, whose number is approximately equal to one maximum
Bloch amplitude for a given value of the electric field intensity. This corresponds to the fact that
in a rigid chain, for k = 0, the charge performs Bloch oscillations maintaining its form/shape
and position in the chain, that is, at the end of each oscillation period, the charge returns to its
initial position. In a deformed chain, when the charge interacts with the displacements of the
chain, for k > 0, the charge loses its original shape and, performing Bloch oscillations, moves
along the chain in the direction of the field, see [29].

Thus, the total velocity of a charge during its oscillatory motion decreases with a decrease
in the coupling constant k, while the velocity of a uniformly moving polaron increases with a
decrease in K.

Figure 3 demonstrates some examples of a uniform motion of a polaron in chains with
different values of the coupling constant: k = 1,1.5,2,2.5, 3, 3.5, 4. The electric field intensity
is £ = 0.0005. The center of the initial polaron state of the form (7) is located at the site
no = 14500 in a chain consisting of N = 15001 sites. The initial polaron of the form (7)
moves uniformly along the chain keeping its shape. Therefore, Figure 3 shows the graphs of the

functions Peak(t), which demonstrate the position of the polaron peak, or the number of the

site at which the maximum of the function |b, (Z)|? occurs. With this mode of motion, the graphs

of the functions Peak(t) practically coincide with the graphs of the functions X ().

The graphs of the functions Peak(t) shown in 3 clearly demonstrate that the velocity of
a uniform motion of a polaron along the chain increases sharply as the coupling constants k.
decreases. Note also that in chains with large values of the coupling constant k > 4, the initial
polaron does not shift from its initial position at the electric field intensity £ = 0.0005. Figure 2
shows that when the electric field intensity is £/ = 0.03 the initial polaron does not shift in a
chain with k > 7.

Figures 4 and 5 illustrate the oscillatory regime of the charge motion in a constant electric
field of intensity £/ = 0.03. For the intensity value £ = 0.03 the period of Bloch oscillations
is Tgy, = 27/ E =~ 209. The maximum Bloch amplitude Ag; = 4n/FE ~ 320. The maximum
charge velocity in the course of Bloch oscillations Vi, = 2n ~ 4.8. The graphs of the functions
X (t) and |b,(f)|*> shown in Figure 4 and Figure 5 demonstrate good agreement between the
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Fig. 3. Graphs of the functions Peak(t) for different values of the coupling constant
k = 1,1.5,2,2.5,3,3.5,4. The chain length is N = 15001 sites. The center of the initial
polaron state of the form (7) is ng = 14500. The values of the chain parameters are:
n = 2.4, w =1, w’ = 1. The value of the electric field intensity is £ = 0.0005.

numerical and theoretical characteristics of Bloch oscillations.

Figure 4 shows some examples of the oscillatory regime of a charge motion in chains with
the same values of the coupling constant as in Figure 3: k = 1,1.5,2,2.5, 3, 3.5, 4. In this case,
the charge loses its original shape/form and, being distributed along the chain, moves in the
direction of the field. When the value of the electric field intensity is £ = 0.03 no uniform
motion in chains with the indicated values of the coupling constant is observed. For this value
of the electric field intensity £ = 0.03 the charge can move uniformly in chains with a coupling
constant k = 5 and larger, see Figure 2. The graphs of the functions X (tN) in Figures 4,a and
4,b show that the charge quickly passes into an oscillatory regime of motion. In a chain with
the largest value of the coupling constant k = 4 the charge starts an oscillatory motion with
a certain delay. The charge loses its shape not instantaneously. This leads to an increase in the
oscillation period and the maximum amplitude of the charge displacement along the sites in the
initial period of time, see Figure 4,b. But as time goes on, the period of charge oscillations in
all the chains with the values of the coupling constant k chosen in Figure 4 becomes close to
the theoretical value of the period of Bloch oscillations for a given value of the electric field
intensity £ = 0.03 — Tz, =~ 209.

The theoretical values of the main characteristics of Bloch oscillations do not depend on the
value of the coupling constant k. In discrete chains, the maximum amplitude and the period of
oscillations differ slightly from the corresponding theoretical values when the coupling constant
k changes. This fact is clearly seen in Figure 4,b: in a chain with a coupling constant k = 1
the oscillation period and the maximum oscillation amplitude almost exactly coincide with the
relevant characteristics of Bloch oscillations for a given value of the electric field intensity. Thus,
it can be seen that the smaller is the value of the coupling constant in the chain, the closer are the
characteristics of charge oscillations to the corresponding characteristics of Bloch oscillations.

The examples in Figure 4 represent charge oscillations in different chains. Therefore,
we can consider the instantaneous charge velocity and the average velocity. The maximum
instantaneous charge velocity in all the chains in Figure 4,b almost exactly coincides with the
theoretical value of the maximum charge velocity in the course of Bloch oscillations Vg, =
2n ~ 4.8.

In Figure 4,c, the graphs of the functions X (f) are shown at the end of the computation

period. Obviously, the value of X (¢) is not equal to the site reached by the charge in the chain,

since the function X (#) describes the position of the center of mass of the charge. In all the
examples shown in Figure 4,c the charges did not reach the end of the chains, since all the graphs

of the functions X (¢) demonstrate the same oscillation period, close to the Bloch oscillation
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Fig. 4. Graphs of the functions X(¢) for different values of the coupling constant
k = 1,1.5,2,2.5,3,3.5,4. The chain length is N = 7001 sites. The center of the initial polaron
state of the form (7) is ng = 6500. The values of the chain parameters aren = 2.4, w = 1, w’ = 1.

The value of the electric field intensity is £ = 0.03. In fig. b) the graphs of the functions X (¢) are
shown at the initial period of time; in fig. ¢) — at the end of calculations.

period. If the charge had reached the edge of the chain, then the oscillations would quickly fail,
the period of oscillations would immediately begin to decrease and completely disappear. Thus,
the examples in Figure 4 show that the charge moves along the chain in the direction of the field,
performing Bloch oscillations. In chains with greater values of the coupling constant, the charge
travels a greater distance. The average charge velocity decreases in the course of motion, at the
end of the calculation period shown (see Fig. 4,c) the average charge velocity in all the chains
is almost the same and, obviously, it will further approach zero.

Figure 5 shows two examples of the oscillatory regime of the charge motion in the initial
period of time in chains with different values of the coupling constant. Figures 5,a and 5,b
demonstrate a chain with a coupling constant k = 0.5. Figures 5,c and 5,d — a chain with a
coupling constant k = 2. The value of the electric field intensity is the same as in the previous
example: £ = 0.03. The center of the initial polaron state of the form (7) is located at the site
no = 700 in a chain consisting of N = 801 sites.

In a chain with a coupling constant k = 0.5, see Fig. 5,b, the initial polaron state of the form
(7) is much wider than the initial polaron state in the chain with the coupling constant k = 2, see
Fig. 5,d. In a chain with a coupling constant k = 2 the charge quickly loses its original shape,
the period of charge oscillations and the maximum oscillation amplitude being sufficiently close
to the corresponding characteristics of Bloch oscillations.

In a chain with a small value of the coupling constant k = 0.5, Fig. 5,a and 5,b, the broad
initial polaron state moves along the chain keeping its shape during the first oscillation period,
then the charge gradually loses its original shape and, being distributed along the chain, moves
on average in the direction of the field, performing Bloch oscillations. In this case, the period
of charge oscillations and the maximum oscillation amplitude practically coincide with the
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Fig. 5. Graphs of the functions X (¢) and |b,(t)|? in the course of the oscillatory motion of a
charge in the chains with different values of the coupling constant. In figures a) and b) k = 0.5, in
figures ¢) and d) k = 2. The chain length is NV = 801 sites. The center of the initial polaron state
of the form (7) is ng = 700. The values of the chain parameters are: 1 = 2.4, w = 1, w’ = 1. The
value of the electric field intensity is &£ = 0.03.

theoretical values of the period of Bloch oscillations and the maximum Bloch amplitude for a
given value of the electric field intensity £ = 0.03: T, = 27/ E ~ 209, Ap;, = 4n/E ~ 320.
As k — 0 the charge, retaining its original shape, performs Bloch oscillations near the initial
position of the charge. At that, the graphs of the functions X (¢) and |b,(#)|?, during a large
number of oscillations, are similar to the corresponding graphs during the first Bloch period
shown in Figures 5,a and 5,b, that is, after each period of oscillations, the charge returns to its
initial position.

The maximum instantaneous charge velocity in the examples in Figure 5 is practically the
same and is equal to the maximum charge velocity in the process of Bloch oscillations Vg, =
2n =~ 4.8. The average charge velocity at the initial period of time is much higher in the chain
with a larger value of the coupling constant k = 2, see Fig. 5,a and Fig. 5,c. Recall that when
a charge moves uniformly, the velocity is higher in chains with smaller values of the coupling
constant K.

CONCLUSION

In this work, we studied various regimes of a charge motion in a constant electric field
in polynucleotide chains with different values of the coupling constant k. The values of the
following chain parameters: matrix elements of the transitions over sites 1 = 2.4, site oscillation
frequency w = 1, friction coefficient w’ = 1, did not changed in all the above examples.

In the course of a uniform motion, the charge moves along the chain at a constant velocity
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maintaining its shape, therefore, a polaron moves along the chain. The calculations showed that
the velocity of a uniform motion of a polaron along the chain increases sharply with a decrease
in the coupling constant k, that is, “wider” (see Fig. 1) polarons move faster.

It is shown that for a fixed value of the electric field intensity F,a sufficiently narrow polaron
does not shift from its initial position, or, in other words, for a given value of the electric field
intensity F, one can choose a chain with such a (sufficiently large) value of the coupling constant
K, in which the initial polaron will remain stationary (see Fig. 2 and Fig. 3).

Since the character of the motion and distribution of a charge along the chain in the course
of the oscillatory motion is completely different from the uniform motion of a polaron, the
dependence of the character of the motion of the oscillating charge on the coupling constant
k is completely different. In the oscillatory mode, the charge loses its original shape and, being
distributed along the chain, moves in the direction of the field, performing Bloch oscillations. It is
shown that the total velocity of a charge during its oscillatory motion decreases as the coupling
constant k diminishes; the charge travels a greater distance in a chain with a larger value of
the coupling constant k. It is also shown that the maximum instantaneous charge velocity in
chains with different values of the coupling constant k is practically the same and is equal to the
maximum charge velocity in the course of Bloch oscillations Vg, = 2n.

The chosen values of the parameters of the chains: n = 2.4, w = 1, w’ = 1, are model.
With such parameters, numerical simulation can be carried out much faster. The Poly A/ PolyT
chain corresponds to the following dimensionless values of the chain parameters: k = 4,
n = 24, w = 0.01, w = 0.006. With these parameters, much more time is required to
carry out calculations. But the dependence of the character of the charge motion on the value
of the coupling constant k in chains with DNA parameters is similar to the corresponding
dependence in the model examples considered. In the examples in Figures 2, 4 and 35, the
motion of a charge in a field with a dimensionless intensity £ = 0.03 was considered. In
dimensional units, this value of the electric field intensity is approximately equal to the value
& ~ E-1.88:105V /em ~ 5.64:10*V /cm. Preliminary calculations show that for small values
of the parameters w = 0.01, w’ = 0.006, which correspond to the parameters of the DNA
chain, in order to carry out similar studies, it is necessary to set significantly lower values of the
electric field intensity. In dimensional units, the value of the electric field intensity £ should be
of the order of £ ~ 5.-103V /cm and less. As the value of the electric field intensity dicreases,
the velocity of a uniform motion of the polaron decreases, the amplitude and period of Bloch
oscillations increase, and, as a consequence, the computational costs increase significantly.

In the future, we are planning to conduct similar studies for chains with DNA parameters
and evaluate in physical terms the charge velocity and electric field intensity in various motion
regimes.

The work was done using the computing resources of The Joint Supercomputer Center of the Russian
Academy of Sciences (JSCC RAS).
This work was supported by the RFBR grant Ne19-07-00406.
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