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Abstract. A technique has been developed for constructing the geometry of a
morphologically realistic human aorta, including the aortic root (Valsalva sinus),
thoracic aorta, aortic arch with branches, and abdominal aorta with bifurcating
vessels. The peculiarity of the technique is simple construction of an individual
patient’s aorta. The resulting three-dimensional model of the aorta is fully ready for
3D modeling and printing on a 3D printer.
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INTRODUCTION

Modern clinical practice of curing cardio-vascular diseases is based on implanting
minimally invasive hybrid prostheses and stent-grafts [1]. Increasing the efficiency of medical
treatment requires permanent technological improvement of operation planning methods. For
this purpose, doctors need a three-dimensional model of a vessel with individual pathological
changes in patient’s vessels. The final goal of the present study is the development of a
method of rapid construction of an individual three-dimensional model of the human aorta on
the basis of the key parameters of pathologies of a particular patient.

Currently available methods of construction a 3D model of the aorta (or its specific part)
are based on processing MRT or CT images. A surgeon has to spent a long time on processing
such images, and the result is often unsatisfactory. Moreover, because of a large number of
unessential details, it is difficult to identify the main aorta pathologies. Aorta models based on
MRT images require significant post-processing for 3D printing. Vascular surgeons often
need some particular regions of the aorta and specific features of pathologies (aneurism size,
etc.), while other regions are of minor importance.

The most frequent pathologies of the aorta are the aneurism (aorta expansion) and stenosis
(aorta constriction). The death rate of patients with abdominal aneurism rupture is 65-85 %
[2]. Various numerical methods are developed for modeling aorta pathologies [3]. Numerical
modeling of the aorta aneurism usually starts from constructing a geometric model of the
aorta. Simple symmetric [4] or asymmetric [5] models of the aneurism are often used.
However, even for such geometrically simple models, researchers often provide only
aneurism schemes without particular sizes and formulas used to construct the aneurism
geometry. Numerical simulations of real aorta aneurism and stenosis are performed on the
basis of 3D aorta models based on processing MRT or CT images of a particular patient [4, 6,
7]. It is next to impossible to retrieve the aorta geometry from these publications. A rare
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exception is the paper [8], where the formulas and sizes for constructing a symmetric stenosis
of the abdominal aorta are provided.

Iso-geometric construction of the complex geometry of the aorta can be performed using
non-uniform rational B-splines (NURBS) [9, 10]. This method requires pre-processing of
aorta visualization data. Then a vascular skeleton is extracted, and its segmentation into
individual regions is performed; for these regions, a control grid (control points) and B-
splines (based on these points) are generated. The segmented regions have to be matched with
each other. As a result, a smooth model of the aorta in terms of B-splines is obtained. As was
noted in [9], the NURBS model of the abdominal aorta requires aorta segmentation into 26
regions. The procedure consists of five steps (in addition to four steps of pre-processing of the
results of patient’s aorta visualization) of B-spline construction. The result is excellent, but
requires a lot of manual processing of the model.

The proposed technique of constructing a 3D model is based on aorta segmentation into
several regions with several parameters being specified for each region: type of the region
(aorta bifurcation or single branch), input and output diameters, bending angle, and turning
angle. An additional parameter for the aneurism or stenosis region is analytical definition of
the pathology shape: length and overall size of the pathology and its angular size. The
resultant method of the aorta (aorta region) is ready for 3D printing without additional post-
processing. The model describes the specific features of the pathology of a particular patient
and is fully ready for the pre-operation analysis.
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Fig. 1. Aorta segments.

AORTA SEGMENTS

The aorta is the main blood vessel through which blood flows from the left ventricle of the
heart to the human organism. Approximately five liters of blood pass through the aorta in a
minute (about 200 million liters of blood during the entire life time). The aorta segments are
schematically shown in Figure 1. The aorta diameter of healthy patients is usually about
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20 mm. The most frequent pathological changes in the aorta are the aneurism (expansion by
more than 50 % of the normal diameter of the aorta) and thoracic aorta dissection.

The initial segment of the ascending aorta (aortic root) has three expansions — aorta
(Valsalva) sinuses. Three arteries branch away from the aorta arch (subclavian and carotid
arteries). The abdominal aorta is bifurcated at the end into two arteries.

CONTRUCTION OF THE VALSALVA SINUSES

The Valsalva sinuses were constructed in many studies as a procedure necessary for
modeling aortic valve operation [11-19]. These researchers provided the characteristic sizes
of the sinuses, geometry description, and algorithm for constructing the sinuses and entire
aortic root. Unfortunately, there are no mathematical formulas used for the description of the
3D geometric model of the aortic root.

Construction of the Valsalva sinuses is based on the measurements of two projections of
the aortic root [11] (Fig. 2).

a)
Fig. 2. Measurements of the aortic root in the plane u z =const (a) and in the plane y =const (b) based
on the result of 3D transesophageal echocardiography (3D-TEE) [11].

Construction of the Valsalva sinuses is based on the function

Lo on (@;00) = 0.5{1+sin[gwﬂ , (1)

T—30

. . . 2 .
where ¢ is the angle, and the value of the parameter a is in the interval 0 <o < 3" Using

function (1), one can construct the cross section of the i-th (i=1,2,3) Valsalva sinus in the
plane z =const:

0, if (i-1)-2n<g<(i-1)-2n+a
3 3
o . 2 ) 2 .2
Lo (P001) =90 g q)—(l—l)-gn,a  if (I—l)-§n+oc3(p<l-§n—oc : (2)
0, if i'gTE—OLS(p<i~gTE
3 3

Functions (1) and (2) are used to construct the cross section of the aortic root in the plane
z =const, including all three Valsalva sinuses
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Lo (@ 01), if OS(p<§n

e 2 4
y sm((p1 ) |5|n((p’(x 2) if gTES(p<§TE. (3)

Lo (0500,3), ifgné(p<gn

The cross section of the aortic root in the plane z = const is defined by the functions

Sx sin (P’ cor ¥, I: co y sin (P, :ICOS

(4)
Sy sin (p’ co? s I: r co y sin (P1 :ISln

The cross section (4) is shown in Figure 3,a. The notation of the sizes in formulas (4) is
consistent with that in Figure 2 from [11].
Construction of the cross section of the aortic root in the plane y=const is based on the

functions

Zy gn(Z:hy,,) = 0.5{1+sin[§[:—z—ljﬂ 2, (Z; Mo Ty ) =1, jté(rSTJ -r.), (5

+2

where h_, =h +h,. The cross section of the aortic root in the plane y=const is defined by
the function

Zsin (Z;hl+2’ rr1rs1 rSTJ ) = i{zl (Z;h1+2’ rr’rST.] )+ZO_sin (Z’ +2)'{rs _ZI (%;hhb rr’ rST.] ]}} . (6)

Function (6) is plotted in Figure 3,b.
The cross section functions (4) and (6) make it possible to construct a 3D model of the
aortic root with the Valsalva sinuses as a two-parameter surface as a function of the variables

(¢,2):
VVsin ((P, Z;OL, hl+2’ rr’ I’.s’ I’.STJ ) = ZI (Z;hh-Z’ rr’ r.STJ )+

7
y sin ((P OL) 0 sin(Z;hl+2)'|:rs_Zl(Z;hl+2’rr’rSTJ ):I ( )

:
|
|
|
i
ho+h,
i
|
:
|
|
|

‘
b)

Fig. 3. Cross sections of the aortic root in the plane z =const (a) and in the plane y =0 (b).
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The surface of the aortic root with the Valsalva sinuses in a 3D space (x, 2 z) is defined by
three functions

Wx_sin ((p' Z; Qa, +21 I’r’ rs’ rSTJ ) :Wsin ((p’ Z; a, +21 rr’ rs’ rSTJ )'COS((P)!
Wy_sin ((p' Z,Q, +27 r-r’ rs’ r-STJ ) :Wsin ((P, Z;,Q, h1+2' rr’ I’s’ I’STJ )'Sin ((p)! (8)

Wz_sin (Z) = Z'

where the variables ¢ and z change in the intervals ¢e<[0,2r] and ze[O,h,,],
respectively. The values of the parameters of the aortic root and Valsalva sinuses can be
found in [11]: r, =12 mm, r, =1.4r,, h,, =14r, rg =115, 1, =05(rg, +1,), and o =4".

r’ “co

The 3D model of the aortic root in the space (x, 2 z) is shown in Figure 4.

Fig. 4. Three-dimensional model of the aortic root.

CONSTRUCTION OF AORTA BRANCHES

There are three arteries branching almost at a right angle from the aorta arch (Fig. 1).
Branching of these arteries can be modeled as intersections of two cylinders. Problems of this
kind are often encountered in engineering applications. Knyazev and Ustinova [20] described
parametric construction of the line of intersection of two cylinders. Let us derive formulas for
constructing two intersecting cylinders. The scheme of intersection and the corresponding
notations are given in Figure 5,a.

The equation of the intersection line of the cylinders (one-parameter curve in the space

(X, y,z), which is the red curve in Figure 5,a) is

R, wass (@1 Ry» Zagny ) = Ryyf1— (iesin @)’

Ry oross (0;Rys Zey k) = Rk SING , 9)

b1 “centr?

Rz_cross ((P, Rb ! Zcentr ' K) = Zcentr - RbKCOS(P

where Z.. =Z, ,,+05(Z, ., —Z, ,,) is the middle of the big cylinder along the z axis,

center

and k=R, /R, is the ratio of the radii of the big and small cylinders.
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WY

o T,

Fig. 5. Intersection of two cylinders (a). The line of intersection of the cylinders is shown by the red
curve (Eq. (9)). Three-dimensional model of intersection of the cylinders (b).

The intersecting cylinders are described by the following equations:

— big cylinder
C, ,(®:R,)=R,coso
Cy (9 R,)=R,sing (10)
C, b( ) z
where the angle is ¢ €[0,2n], z e[zb_in,zb_out];
— small cylinder

X S( ) z
C, . (@iR,)=R,sing , (11)
C s((P’R Zcentr) Zcentr_Rs coso

z

where the angle is @ €[0,21], Z €[ R, o (0 Ry Zegnr )1 Z, o | - The resultant 3D model of

intersecting cylinders is shown in Figure 5,b.

AORTA ANEURISM AND STENOSIS

Frequent pathologies of the aorta are the aneurism (aorta expansion) and stenosis (aorta
constriction). Let us derive analytical formulas for the description of local asymmetric

constriction and expansion of the vessel.
Construction of vessel constriction and expansion is based on the functions

ro_an(s)=0.5{1+sin(g(23—1)ﬂ, r, (s)={z ::522 ). ::zigz (12)

The local unit function of deformation is defined by the function
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0, if S < Sy
Ran (31 Sbeg ' Send) = I’am (S)’ If Sbeg <s< Send ' (13)
0, if s,,<S

end

where s, and s, are the points of deformation beginning and end (sbeg < send).

The final function of constriction or expansion in terms of the vessel angle and length is
the formula

Fan ((p’ Z, (pbeg ' (pend’ Zbeg ’ Zend ’ kan’ Han) 1+ k Han Ran <(P1 (pbeg ’ (pend ) Ran (Z’ Zbeg ! Zend) ! (14)
where ¢, and o, are the angles of the beginning and end of vessel deformation
(Os(pbeg <Py < 27:), Z,,, and z,, are the coordinates of deformation beginning and end

along the vessel (zbeg<zend), k,, is the parameter of vessel expansion (k, =1) or

constriction (k,, =—1), and H,, >0 is the magnitude of vessel deformation.
The equations for the cylinder with expansion or constriction have the form
A ((p, Z; Qpeg» Pend» Zbeg » Zeng+ Kan» Han): C,(¢;R)-F, ((p,z Ppeg» Pend Zbeg» Zeng Kanr Ha )
Ay((p,Z;(pbeg,(pend,Zbeg,zend,kan, Han):Cy((p;R) F, ((p,z Pregr Peng» Zoeg » Zand + Kanr ) (15)
A (2)=C,(¢:R),

where R is the cylinder radius (10). Examples of the constructed aneurism and stenosis are
shown in Figure 6.

b)

Fig. 6. Examples of constructing 3D models of the vessel aneurism (a) and stenosis (b).

THREE-DIMENSIONAL MODEL OF THE AORTA

A technique of analytical construction of the human bronchial tree was developed in [21,
22]. This method can be extended to analytical construction of the human aorta.

An example of analytical construction of the thoracic aorta on the basis of the retrieved
CT image of the aorta is shown in Figure 7. In reconstructing the CT image of the aorta
(Fig. 7,a), there arise undesirable artifacts, which require further smoothing. This procedure is
rather laborious and does not always provide a satisfactory result. For another patient (another
CT image), the smoothing procedure has to be applied again.
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a)

Fig. 7. Construction of the thoracic aorta model. (a) Model of the thoracic aorta retrieved from patient’s
CT data. (b) Analytical model of the thoracic aorta.

In the proposed technique, the CT image of the aorta is divided into several basic
segments (in the case presented here, into ten segments). Several parameters are specified for
each segment:

1) segment number n;

2) segment type i: i=0 — aorta bifurcation (the formulas for constructing the vessel
bifurcation can be found in [22]); i =1 — only the right branch of the bifurcation; i=-1 —
only the left branch of the bifurcation; i =2 — cylindrical segment of the aorta (formula (10));
I =3 —aorta branching (formulas of intersecting cylinders (10), (11));

3) input radius of the aorta segment R, ;

4) output radius of the aorta segment (right radius R,, and/or left radius R ,) — if the

out

segment has only one output (no vessel bifurcation), then only one radius is specified, e.g., the
right radius R_,; if there is a bifurcation, then the left output radius R, of the bifurcation

out 7

branch is also given);

5) output angle of the aorta segment(right angle y., and/or left angle y,,) — if the
segment has only one output (no vessel bifurcation), then only one angle is specified, e.g., the
right angle ., ; if there is a bifurcation, then the left output angle y,, is also given);

6) angle o, of turning of the aorta segment around a local axis z (the formulas for the

matrix of transformation of the local coordinate system can be found in [22]).

The parameters for analytical construction of the thoracic aorta are listed in Table 1. A
specific feature of the constructed aorta model is smooth matching of the aorta segments
(continuity of the derivative at the junction). The aorta model is ready for numerical
simulation and 3D printing. The model is fully documented, and it can be reproduced by other
researchers. To fit the model to another patient (another CT image of the aorta), it is necessary
to change several parameters in the table of aorta segments. Thus, the process of aorta model
design is significantly accelerated and simplified.

out
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Table 1. Parameters for constructing the thoracic aorta model

i Lo | Lowr | R | R R %) X | O Segment type
mm [ mm | mm | mm | mm | deg | deg | deg
0|1 170 - 15 15 - 85 - 0 Arch
113 - - 15 - 4.5 - - 0 Branching
2 11 6 - 15 15 - 3 - 0 Bending
313 - - 15 - 4,5 - - 0 Branching
411 6 - 15 15 - 17 - 0 Bending
513 - - 15 - 7.5 - - 0 Branching
6 | 1| 100 - 15 15 - 80 - 0 Descending
711] 30 - 15 12 - 1 — | 135 | Descending
81| 60 - 12 10 - 10 - 10 Descending
9 | 1| 100 - 10 10 - 20 - | 100 Descending

Remark. The parameter L, is not the real length of the segment
proportional to the parameter L, and inversely proportional to the angle v, . This dependence can be found

in [22].

The aneurism and/or stenosis can be applied to any segment of the aorta. Figure 8 shows

. The real length along the generatrix is

the application of the stenosis and aorta to the neighboring segments of the aorta.

Let us consider an example of abdominal aorta construction (Fig. 9). The parametric data
for abdominal aorta construction are summarized in Table 2. Here segment 2 is an aorta
bifurcation. Segments 3* and 4" represent the right branch of the bifurcation, and segments 3~

and 4~ represent the left branch of the bifurcation.

a)

Fig. 8. Examples of construction of the aneurism and stenosis of the thoracic aorta segment. (a) Healthy
thoracic aorta. (b) Thoracic aorta with the stenosis and aneurism.

t38

b)

Mathematical Biology and Bioinformatics. 2022. V. 17. Ne S. doi: 10.17537/2022.17.t30




CONSTRUCTION OF THREE-DIMENSIONAL STRUCTURES OF THE AORTA USING FINITE ANALYTICAL FORMULAS

Fig. 9. Example of construction of the abdominal aorta segment.

Table 2. Parameter for constructing the abdominal aorta model

ol Lo | Lo | Roo | R | Rowes | %ns | %ns | ©n» | Bifurcation
mm | mm | mm | mm | mm | deg | deg | deg type
0|1 50 - 9 8.15 - 5 - 90 Arch
111118 - 8.15 | 7.775 - 15 - 0 Branching
210 31 - 7.775| 584 | 584 | 20 20 | 90 Bending
3|1 11 - 5.84 15 - 20 - 0 Branching
311 - 11 5.84 15 - - 20 0 Branching
41 1 15 - 5.84 15 - -10 | - 0 Bending
4| -1 - 15 5.84 15 - - | -10 0 Bending

CONCLUSIONS

A technique has been developed for constructing the geometry of a morphologically
realistic model of the human aorta, including the aortic root (Valsalva sinus), thoracic aorta,
aortic arch with branches, and abdominal aorta with bifurcating vessels.

The development of a 3D model of the human aorta is required for planning surgical
intervention and numerical modeling of the blood flow in the aorta. The anatomical structure
of the aorta is different for different patients, especially if there are various pathologies
(aneurism, stenosis, aorta dissection). Creation of an individual model of human aorta on the
basis of MRT and CT images requires laborious manual work of a specialist with high
computer skills.

A simple method of constructing a 3D model of the human aorta is proposed. Initially, a
3D model of the aorta (or particular aorta segment) of one patient is constructed. For this
purpose, based on an unprocessed aorta model (an example of such an aorta is shown in
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Figure 7,a), an analytical 3D model of this aorta is constructed (Fig. 7,b). For obtaining such
an analytical aorta model, the aorta has to be divided into several segments, and the governing
parameters for each segment have to be specified (Table 1). To construct an aorta model for
another patient, the basic model is corrected with due allowance for individual specific
features of the patient’s aorta structure (his unprocessed aorta model). If necessary,
pathological segments (stenosis and/or aneurism) are added. Correction of the basic model
requires much less time and effort than creation of the model from scratch.

One of the key features of the technique is the simplicity of its application, which does not
require monotonic manual labor aimed at constructing the individual patient’s aorta. The
resultant 3D aorta model is fully ready for 3D modeling and 3D printing. The aorta segments
are matched with the second order of smoothness (continuous second derivative between the
aorta segments).

The research was supported by RSF (project No. 22-15-20005).
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